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I. INTRODUCTION
1. Preliminary Remarks.-The modern highway, straightened to
accommodate the greater speeds and more exacting safety require-
ments of present-day traffic, has required the design of increasing
numbers of skew bridges. Despite this fact, relatively little is to be
found in the literature regarding skew slabs. As a result of the lack
of analytical data, the design of skew slabs is at present based largely
on empirical rules formulated by judgment, and influenced by com-
parisons with rectangular slabs which can be analyzed. In this bulletin
the behavior of skew slabs is determined by means of difference equa-
tions. The slabs studied have various angles of skew and various
boundary conditions and are loaded uniformly or by wheel loads.
Particular study is made of a simple-span slab-bridge with curbs.
Three publications on skew slabs are known to the author. In the
first paper, Cecilia Vittoria Brigatti* attempts to apply Marcus'
method of handling difference equations. Skew slabs uniformly loaded
and either simply supported or fixed on all four edges are considered.
Particular attention is given to the slab having all edges of the same
length. The fundamental equations given by Brigatti are, however,
believed to be in error. Certain checks which have been applied show
a lack of agreement with results obtained by established equations.
The error appears to be a function of the angle of skew, disappearing
at zero skew.
In the second paper Adolf Anzeliust gives a solution of the differ-
ential equation for a skew slab loaded uniformly, simply supported on
two opposite edges, and free on the other edges. The solution is in the
form of a series for which coefficients must be determined, theoreti-
cally, from an infinite system of linear equations. Actually Anzelius
neglects all but the first ten coefficients which he obtains from ten
equations which are applicable to a particular slab of 45-degree skew.
Only twisting moments are given, and these only qualitatively, so
that checks by means of the relations of statics cannot be made.
However, these qualitative results are in decided disagreement with
the distribution of twisting moments found herein for a slab of
*Cecilia Vittoria Brigatti, "Applicazione del metodo di H. Marcus al calcolo della piastra
parallelogrammica," Richerche di Ingegneria, Vol. XVI, March-April 1938, No. 2, p. 42.
tAdolf Anzelius, "Uber die elastische Deformation parallelogrammf6rmiger Platten," Der
Bauingenieur, Vol. 20, Sept. 1939, No. 35/36, p. 478.
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identical shape. The equations given by Anzelius are too cumbersome
to permit a direct check of his work.
The third paper, by Helmut Vogt,* is based on a doctoral disser-
tationt by the same author. Unfortunately, the publication omits all
of the theoretical work, and gives merely a summary of the conclu-
sions reached. These are based on analyses of slabs without curbs,
having two opposite edges simply supported, and carrying uniformly
distributed loads.
As stated previously, difference equations are applied to the prob-
lems studied in this bulletin. While they yield an approximate result,
their use is particularly justifiable here because the complicated
boundary conditions have so far prevented the expression of exact
solutions for the skew slab. The magnitude of the inaccuracies which
result from the substitution of a set of difference equations for a
differential equation may be made to diminish by increasing the
number of equations. Furthermore, where an exact solution is avail-
able, the degree of approximation may be determined by a direct
comparison of the results obtained. Thus in the literature relating to
the application of difference equations to slabs,$ it has been shown
that practical results are obtainable with reasonable labor provided
that the bending moments do not vary too sharply. The important
region of a simple slab-bridge where moments will vary sharply is
under a wheel load in the central portion of the span. A method is
indicated in this bulletin for correcting the moments given by the
difference equations so as to account in a practical way for the
assumed size of the loaded area under a truck wheel. For this purpose
Westergaard's approximate formulal is used in conjunction with
certain results found herein.
The application of difference equations to slabs was developed ex-
tensively in Denmark by N. J. Nielsen§ and at about the same time in
Germany by H. Marcus.** In this country an exposition of the method
of Marcus was given in a paper by Joseph A. Wisett who subsequently
*Helmut Vogt, "Die Berechnung schiefwinkliger Platten und plattenartiger Briickensysteme,"
Beton und Eisen, 39, No. 17, Sept. 1940, p. 243-245.
tHelmut Vogt, "Beitrag zur Berechnung schiefwinkliger Platten, nebst Anwendung bei der
Berechnung und Anordnung der Bewehrung schiefwinkliger Briuckenbauwerke," Dissertation.
Technische Hochschule, Hanover.
tSee, for example, N. J. Nielsen, "Spaendinger i Plader," Copenhagen, 1920; H. Marcus,
"Die Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung biegsamer Platten,"
Julius Springer, Berlin, (1924), 2nd Ed., 1932; A. Nadai, "Die elastischen Platten," Julius
Springer, Berlin, 1925, Chapter III, p. 205; S. Timoshenko, "Theory of Plates and Shells,"
McGraw-Hill, 1940, p. 180.
¶H. M. Westergaard, "Computation of Stresses in Bridge Slabs Due to Wheel Loads,"
Public Roads, V. II, No. 1, 1930, Eq. 60, p. 10.
§N. J. Nielsen, "Spaendinger i Plader," Copenhagen, 1920; Also, Doctoral Dissertation,
College of Engineering, Copenhagen, 1918.
**H. Marcus, "Die Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung
biegsamer Platten," Julius Springer, Berlin, (1924), 2nd Ed., 1932; H. Marcus, Armierter Beton,
12, 1919.
ttJoseph A. Wise, "The Calculation of Plates by the Elastic Web Method," Proc. of the
Am. Cone. Inst., Vol. 24, 1928, p. 408.
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made further applications* to square slabs. D. L. Hollt has applied
difference equations to slab problems in two papers published within
the last five years. The majority of the slabs analyzed by difference
equations have been square or rectangular, permitting the use of
square or rectangular networks of points and relatively simple equa-
tions. Marcus has, however, indicated the form of some of the funda-
mental equations for radial networks or for skew networks of a
restricted nature. Little use has been made of these networks and,
as far as the author knows, there are no published records of slabs
having free or elastically supported boundaries which have been
analyzed by their means.
In order to develop a procedure for analyzing a skew slab-bridge
with curbs, a study was made of various networks of points and the
difference equations relating to these networks and relating to the
various boundary conditions encountered. It was found that a square
or rectangular network could be conveniently used for a number of
angles of skew and proportions of sides, but that it was desirable also
to develop equations applicable to a network of points formed by the
intersections of lines parallel to the sides of the skew panel. Such
equations were developed and applied first to a number of slabs under
uniform load. Calculations were made later for a slab-bridge having
a 26-ft. roadway, 45-degree skew, 19 ft.-6 in. span (normal to the
abutments), ordinary curbs, and loading designated as H-20 by the
American Association of State Highway Officials.
2. Acknowledgment.-The data contained in this bulletin form a
part of the results of an investigation of concentrated loads on rein-
forced concrete bridge slabs being conducted in the Engineering
Experiment Station in cooperation with the Public Roads Administra-
tion of the Federal Works Agency and the Illinois Division of High-
ways. The project is under the administrative direction of DEAN M. L.
ENGER, Director of the Engineering Experiment Station; PROFESSOR
W. C. HUNTINGTON, Head of the Department of Civil Engineering; and
PROFESSOR F. B. SEELY, Head of the Department of Theoretical and
Applied Mechanics. F. E. RICHART, Research Professor of Engi-
neering Materials, gives general supervision to the work of the
investigation.
An Advisory Committee, having the following personnel, is in gen-
*Joseph A. Wise, "Design of Reinforced Concrete Slabs," Proc. of the Am. Cone. Inst.,
Vol. 25, 1929, p. 712.
tD. L. Holl, "Analysis of Plate Examples by Difference Methods and the Superposition
Principle," Jnl. of Appl. Mech. of the Am. Soc. Mech. Eng., Vol. 3, No. 3, Sept. 1936, p. A-81;
D. L. Holl, "Cantilever Plate With Concentrated Edge Load," Jnl. of Appl. Mech. of the Am.
Soc. Mech. Eng., Vol. 4, No. 1, March 1937, p. A-8.
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eral charge of the plan of the program of the investigation: E. F.
KELLEY, Chief, Division of Tests, and L. A. PALMER, Associate Re-
search Specialist, representing the Public Roads Administration; until
his death, MR. A. L. GEMENY was a representative of the Public Roads
Administration; ERNST LIEBERMANN, Chief Highway Engineer, and
A. BENESCH, Engineer of Grade Separations, representing the Illinois
Division of Highways; F. E. RICHART and N. M. NEWMARK, Research
Assistant Professor of Civil Engineering, representing the University
of Illinois.
As consultants to the Advisory Committee are W. M. WILSON,
Research Professor of Structural Engineering and T. C. SHEDD, Pro-
fessor of Structural Engineering, both of the University of Illinois.
Acknowledgment is made of the valuable assistance given by
members of the staff and the committee, and especially for the criti-
cisms and suggestions which have been made by PROFESSOR NEWMARK.
MR. J. W. ALLEN, Special Research Graduate Assistant, and MR.
W. N. FINDLEY, Instructor in Theoretical and Applied Mechanics,
have made detailed computations, and MR. ALLEN has contributed
materially to the analytical results which are contained herein.
3. Notation.-The following notation is used in this bulletin:
w = deflection of slab, positive downward
x, y = horizontal rectangular coordinates
u, v = coordinate axes inclined to x and y as
shown in Fig. 8
z = deflection of curb, positive downward
a, b, c,. . . . = letters designating points on the slab as
shown in various figures. The letters a
and b may also be used to represent the
span or width of a slab as defined in the
figures. For a rectangular network of
points the subscripts N, S, E, W, and
combinations are used to designate north,
south, east, and west of an origin O.
Wa, Wb, . W . 1, 2, . . . = deflections of points a, b, .. . . 1, 2, .... etc.
h = thickness of slab
E = modulus of elasticity of the material of the
slab
E1 = modulus of elasticity of the material of the
curb or edge beam
S= Poisson's ratio of the material of the slab
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Eh 3
N = 12(1 2) measure of stiffness of the slab
12(1- j')'
I, = moment of inertia of the cross sectional
area of the curb or edge beam
Edi
H = -- , dimensionless quantity defining the
aN
relative stiffness of curb or edge beam to
slab (a = span of slab)
. = distances between points or lines of the
network as defined in various figures
X,3 Ej11J = ,dimensionless number propor-
tional to the relative stiffness H
tional to the relative stiffness H
= portions of X, as defined in Fig. 8
= a/\X, an abbreviation
= !/X,. an abbreviation
X, 2
C = -- -AB, an abbreviation
D = (1 - =)  (1 - ) (C + AB), an ab-
X, 2
breviation
P = concentrated load
p = distributed load per unit of area, positive
when acting downward on the slab
q = intensity of load per unit of length, posi-
tive when acting downward on a curb or
edge beam
V, V, = vertical shear per unit of length, acting on
sections normal to the x and y axes, re-
spectively, positive on a rectangular ele-
ment of a slab when acting upward on the
side of the element having the smaller
value of x or y, respectively
Mx, M, = bending moments per unit of length, act-
ing on sections normal to the x and y
axes, respectively, positive when produc-
ing compression at the top of the slab
Mx, = twisting moment per unit of length, acting
on sections normal to the x and y axes,
respectively, positive when producing
compression at the top of the slab in the
direction of the line x = y
X, X , X,, . .
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Mcurb = bending moment in the curb or edge beam,
positive when it produces compression in
the top
Rx, R, = reactions per unit of length of slab, acting
on sections normal to the x and y axes,
respectively, positive in the same sense as
the corresponding shears
Rn = reaction per unit of length of slab acting
on an edge whose normal is taken as the
direction of n
Rc = concentrated reaction at corner
a
2  02
V2 - +2  - , Laplace's operator in two
9x 2  ay 2
variables
U = V2w
-= angle of skew (see Figs. 7 and 8)
6 = angle between v and y axes (see Fig. 8)
II. DERIVATION OF EQUATIONS
4. General Considerations.-For the purpose of the analysis, the
slab is assumed to be of homogeneous, isotropic, and elastic material,
and to be of constant thickness. The curb is replaced in the analysis
by an edge beam of stiffness Eli1 attached to the slab in such a way
as to undergo the same deflection as the edge of the slab, and to trans-
mit only vertical reactions to the slab at its edge.
The ordinary theory of thin plates requires that the deflected
neutral surface of the slab shall satisfy the fundamental differential
equation
NVV2w = p (1)
in which p is the intensity of load, w is the deflection of the slab,
Laplace's operator for two variables is
82 02
V2 - + - (2)
Ox2  Oy2 '
and N, a measure of the stiffness of the slab, is
Eh3
N =
2 (1 - A)
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The equation for the deflection w must also satisfy the boundary
conditions of the slab. When such a solution has been found it
furnishes a complete answer to the question of the behavior of the
slab, since bending moments, shears, and reactions may be obtained
by differentiation according to the following formulas:
Moments:
/ a2w 29
M, = -N - + i
My = -N-- + X (4)\ y2 W a 2 W
M, = -N(1 - --)-
8 2 w
Shears:
V, = -N-- (V2w)
(5)
V, = -N (V 2w).
ay J
Reactions:
dM, r a3wa xy 
)3R, = V, + ---- = -N + (2 -ay Lax"
9M r a'w
R, = V, + = -N -+ (2 -ax Lay
(6)
Corner Reaction:
Re = Sum of Twisting Moments on Intersecting Edges at Corner. (7)
It is at once apparent that a knowledge of the exact deflection
function permits the computation of the remaining quantities at any
one of an infinite number of points of the slab. For the purpose of
explaining the operations with difference equations the infinity of
points on the slab is replaced by a finite number of regularly spaced
points. At each point approximations to the load, shears, moments,
etc. are expressible as linear functions of the deflections of neighbor-
ing points. This means that, without a knowledge of the exact deflec-
tion function, but knowing the deflections of a number of regularly
and closely spaced points of the slab, one may determine bending
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a) (d)
FIG. 1
moments, etc. at these points with sufficient accuracy for engineering
purposes. The linear relationships among the deflections are obtained
by using finite differences in place of infinitesimally small differentials,
and the equations are known as difference equations by analogy with
the corresponding differential equations.
The advantage of using a conception of a finite number of points
of the slab having deflections related by difference equations is that
it reduces the problem from one of an infinite degree of indeterminate-
ness to one of a finite degree. The method of solution then becomes
somewhat analogous to the method of slope deflection for structures
wherein a number of simultaneous equations are written and solved.
In the slab the unknown quantities may be chosen as the deflections
of the points of the network. In this case the known load at each
point of the network is expressed by a difference equation analogous
to (1). The resulting system of linear equations in the unknown
deflections may then be solved. Bending moments, for example, may
then be computed from the difference equations analogous to (4).
Some variation from the basic and simple procedure described in
the preceding paragraph is possible. For rectangular slabs with simply
supported boundaries it is convenient to use the method adopted by
Marcus* of breaking Equation (1) into two parts which may be
written as
V2U = - (8)N
and
V 2w = U. (9)
*H. Marcus, "Die Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung
biegsamer Platten," Julius Springer, Berlin, (1924), 2nd Ed., 1932.
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FIG. 2
The difference analogs of these equations may then be solved in suc-
cession. The convenience of the method arises from the fact that these
equations are simpler than (1) and, furthermore, the quantity U must
be zero on a simply supported straight boundary.
It has been noted that the finite number of points on the slab
should form a regularly spaced network. In his excellent book, Marcus
has indicated briefly how various networks, such as those shown in
Fig. 1, may be used to express the difference equations corresponding
to Equations (8) or (9). To these networks there is added in this
bulletin a general skew network as shown in Fig. 2. The equations
applicable to this network must reduce in special cases to those which
apply to the networks shown in Fig. la, b, and c.
5. Difference Equations for Square and Rectangular Networks.-
Let a plan of a slab be divided by equally spaced lines drawn parallel
to rectangular axes x and y, the interval between successive lines
being X, and X, as shown in Fig. 3 for a region in the vicinity of any
typical point O. Such a network may be employed conveniently, for
example, when determining the maximum moment at the center of the
uniformly loaded skew slab shown in Fig. 4.
A method of deriving a sufficient number of difference equations
N/VN
-x^
WW W E' EE
SWL SE
-SS
FIc. 3
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,- A £//form'/y Di/rih~v/ed
Q Zc'crd
A-
1d
FIc. 4
for the determination of the bending moments in the slab shown in
Fig. 4 is described in the following. Points in the neighborhood of a
typical point 0 are lettered for identification as shown in Fig. 3 where
a north, south, east, west system is indicated. Then the deflection of
point 0 will be designated as wo, of point E as wE, etc. The identi-
fying letters will also be used as subscripts for other quantities evalu-
ated at those points.
Consider first the slope of the slab in the x direction at a point
midway between points 0 and E. In terms of finite differences this
slope is ( )w (slope)= - (10)
\x IE 2
Similarly, the corresponding slope at a point midway between 0 and
W is (8w \ wo - ww
w-- = (slope)w = (11)
\ ox/ 2 xw
2
The curvature of the slab in the x direction at point 0 is the rate of
change of slope, or
(slope)E - (slope)w
2 2
(curvature)o = X,
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( 2ax ww - 2wo + WE
Similarly, the curvature in the y direction at point 0 is
( 2w "'y2  /o-
Finally,
(V2w)o= +xt o \y 2 o
( aX2 ) 0 O a2)
WN - 2 wo + Ws
Ww-2wo+-WE WN-2wo-+ws
X 2 X 2
and, by change of variable,
Sa 2 U\ /a 2U\ Uw -2Uo 0 +UE UN-2Uo+Us
(V2 )O= + )= - + . (15)( ) \ a 2 /o \ y2 /o X 2  X,2
The twists are most accurately represented by difference equa-
tions at the centers of the reactangles formed by the network. Thus
from the previously given expressions for slope one finds the rate of
change in the x direction of the slope in the y direction, evaluated
at a point midway between points 0 and NE, to be
2 2
WNE - WE - WN + WO
xXy
(16a)
However, in order to determine the maximum resultant moment at
a point such as 0, it is necessary to evaluate M,, as well as Mx and
My at that point. It is therefore necessary to evaluate the twist at
the points of the network, giving for the larger enclosing rectangle,
( a2aýxay /o11Y WNE - WSE - WNW + WSW4XX\ (16b)
This is also the average of the four values of twist at the centers of
the rectangles adjacent to point 0 as given by equations corresponding
to (16a).
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Equations corresponding to (8), (9), and (4) may now be written
as follows:
po Uw - 2Uo + UE UN - 2Uo + Us
- - + (17)
N X2 X,2
ww - 2wo + WE WN - 2wo + ws
Uo = + - (18)
"X, "»
(M)o = -NWw - 2wo + WE WN - 2wo + w(M,)  - N  + -- v --
x2 X 2
(M)o = -N wN - 2wo + ws ww - 2wo + WE
WNE - WSE - WNW + WSW(M.,)o = -N (1 - ,)
4XXk,
(19)
The principal moments at any point 0 are then
(Mmax)o (M.)o + (M,)o /(M)o - (M,)o. (20)( = Mmn, 2 ± 2(M,)o 2 . (20)(Mmin)o 2 \ 2 /
To illustrate the use of these equations, consider the slab shown
in Fig. 4, and let X, = 2X,. The boundary conditions on all edges are
(W)edge = 0; (U)edge = 0. (21)
The latter condition follows from the fact that the moments normal
to the edge and the curvatures tangential to the edge must vanish
at the edge. This condition permits (17) to be used directly to com-
pute values of U at all points of the slab. These values of U in
(18) permit the calculation of w at all points of the slab. These
in turn are sufficient for the calculation of moments as indicated
in (19) and (20).
Symmetry of the slab reduces the number of distinct interior
points from 15 to 8 as shown in Fig. 4. Writing equations corre-
sponding to (17) for each of these points in succession, and noting
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that X, = b/6 and X, = b/3, yields the set of simultaneous linear
equations:
pb2
0=-+10U1- 4U 29N
pb2
0=--- 4U+10U2 - U3- 4U 49N
pb2
0=-- - U2+10U 3  - 4Us9N
pb2
0=- - 4U2  +10U 4 - U5  - 4U 79N
(22)
pb 2
0=- - 4U 3- U4+10Us- U6  - 4Us9N
pb2
0=- - Us+10U 6- 4U 79N
pb2
0=-- - 4U 4  - 4Us+10U 7- Us9N
pb2
0=-- - 8U 5  - 2U7+10Us.9N
The solution* of these equations is
pb2  pb2
U1 = -0.29942- b Us = -0.66191 ,9N 9N
pb2  pb2
U2 = -0.49854- Us = -0.39387 p9N 9N
pb2  pb2
Us = -0.41462-, U7 = -0.56920 ,9N 9N
pb2  pb2
U4 = -0.59329 2  U8 = -0.74337 p b
9N 9N
*See Appendix A for notes on the solution of simultaneous equations.
(23)
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Equations corresponding to (18) may now be written for each point
of the network using the values of U which have just been obtained.
The resulting equations are identical in form to (22), and are as
follows:
7•p0i
0 = -0.29942- +10w 1 - 4w 281N
0 = -0.49854 - 4wl+10w2- wa- 4w 4
pb4
0 = -0.41462 -
81N
pb40 = -0.59329--
81N
pb4
0 = -0.66191--
81N
pb4
0 = -0.39387 --
81N
pb4
0 = -0.56920--
81N
pb4
0 = -0.74337-
81N
- w2 +10w 3
- 4W2
- 4w,
+10w4- w5
+ 4W3- w 4+10w 5-
- W5+10w 6 - 4W7
- 4w 4
- 8ws
- 4w6+10w7- ws
- 2w 7+10w 8.
The deflections obtained from these equations are
pb 4
wi = 0.13176 --
81N
pb4
w2 = 0.25455 --
81N
pb4
w3 = 0.22111 --
81N
pb4
w4 = 0.32469--81N
w5 = 0.38549 Pb4
81N
pb4
we = 0.20293 pb
81N
pb4
w 7 = 0.31249 Pb81N
pb4
ws = 0.44523-
81N
(24)
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At point 8 the moments obtained from (19) and (25), when Poisson's
ratio, y, is 0.2, are
(M)s8 = 0.0590pb2 = 0.0787pa 2
(M,)s = 0.0401pb2 = 0.0535pa2
(MýA)8 = 0.0108pb2 = 0.0144pa2.
These give the principal moments
(Mmax)s = 0.0852pa 2
(Mmin) 8 = 0.0469pa2
having a direction with the coordinate axes x and y, respectively,
defined by the equation
1 2(M,,)s 1
(0)s = - tan- 1  = tan- 1 1.144
2 (M,) 8 - (M,) 2
so that
(0)s = 24 deg. 25 min.
Since the angle of skew is 26 deg. 35 min. it is seen that the maximum
moment at the center of the slab is practically in the direction of the
short span of the slab.
The intensity of maximum moment may be compared with that
obtained for the superimposed rectangular slab ABCD shown in Fig.
5a. The network for the rectangular slab was made similar to that
used for the skew slab, and is shown in Fig. 5b. The maximum
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moment, at the center of the slab in the direction of the short span, is
found, for Poisson's ratio of 0.2, to be
(Mmax)rect. = 0.0835pa 2
as compared with
(Mmax)skew = 0.0852pa2 .
It is seen that in this instance the rectangular slab furnishes a good
approximation to the skew slab with respect to the maximum moment
at the center.
A square network permits some simplification of the difference
equations, since in this case
Xx = Ay = A
in Equations (17)., (18), and (19). The square network is applicable
to certain slabs of 45 degree skew as well as to square and rectangular
slabs. The skew slab shown in Fig. 6 is an illustration. A solution
may be effected as before using Equations (17) and (18) and
a
Xa = X, = X = -
4
where a is the short span of the slab. The moments found at the
center of this slab by means of this network are, for Poisson's ratio
of 0.2,
M, = 0.0389pa 2
My = 0.0898pa 2
M, = 0.0021pa 2,
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giving principal moments
Mmax = 0.0898pa2
Mmin = 0.0388pa 2.
The principal moments are inclined in direction only about 2.5 degrees
clockwise from the axes of y and x, respectively. The solution for this
slab is discussed more in detail in Section 9.
The simplicity of the analysis of uniformly loaded simply supported
skew slabs where square or rectangular networks may be used is evi-
dent from the foregoing. The solution of the simultaneous equations
by the method given in Appendix A is not a lengthy matter requiring
great accuracy with a calculating machine. As a matter of fact, when
using the method careful slide-rule work is all that is required in solv-
ing the simultaneous equations in order to give final maximum mo-
ments of slide-rule accuracy.
The simplicity of the analysis is partly the result of the simple
nature of the boundary conditions on the slab. When the edges are
free to deflect or are supported by flexible beams or curbs, the condi-
tions become more complicated and the resulting difference equations
become more involved. The special considerations which must be
given to a slab-bridge having any angle of skew and a general skew
network are discussed in the next section. Simplifications are then
made for special angles of skew and special networks.
It may be mentioned that the sets of simultaneous equations may
be solved by a method of successive approximations, although the slow
convergence of a straightforward procedure may be a serious handi-
cap. Special devices and techniques have been developed for increas-
ing the rate of convergence.* The development of a method of
successive approximations is especially desirable, however, when the
number of points in the network becomes very large.
6. General Skew Network.-Consider a slab-bridge having a paral-
lelogram-shaped plan with any angle of skew, and with any given
proportion of sides. Two edges are simply supported and two edges
are stiffened by curbs. A network of points may be located on the
slab as shown in Fig. 7 by noting the intersections of two sets of lines,
each set being made up of equally spaced lines drawn parallel to one
pair of sides of the slab. A third set of parallel lines, as shown in
*See, for example, George H. Shortley, Royal Weller, and Bernard Fried, "Numerical
Solution of Laplace's and Poisson's Equations," Bulletin No. 107, Eng. Exp. Sta., Ohio State
University, Sept. 1940.
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the figure, may then be drawn through the points of intersection. For
the purposes of this study the x-axis will be taken parallel to the
direction of flow of traffic, and consequently paral4el to the curbs and
to one set of parallel lines. As shown in Fig. 7, the angle of skew will
then be defined as the angle between the y-axis and the simply sup-
ported edges of the slab.
The problem is to find a number of relationships between the
deflections of the slab at the points of the network, the number of
relationships to be equal to the number of points of the network.
For this purpose consider first a typical interior point O and the
points in its immediate vicinity as shown in Fig. 8. The various
points in the neighborhood of O have been lettered for identification.
These letters as subscripts on the deflection w will indicate the de-
flection of the slab at the corresponding points. Two inclined axes,
u and v, are drawn in Fig. 8 in the directions of the inclined lines of
the network. The dimensions Xa, X,, and X, are defined as the dis-
tances between successive points of the network in the directions of
x, u, and v, respectively, whereas X, is defined as the distance be-
tween successive lines drawn parallel to the x-axis as shown in Fig. 8.
The distance Xx is divided into two segments, a and #, as shown.
The u-axis and the v-axis make angles 4 and 6 respectively with
the y-axis.
The geometrical relationships just described define the relations
a + { = X(
sin ( = !X/, sin 6 = a/X,
(26)
cos = Xy/X, cos 6 = X,/X,
tan / = B/X, tan 5 = a/X,
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as reference to Fig. 8 will show. With the u and v directions estab-
lished, one is now able to express derivatives of any function of x
and y, f(x, y), in terms of corresponding derivatives with respect to
x, u, and v.
The curvatures of the slab in the orthogonal directions x and y
are expressed by the second derivatives of the deflected neutral sur-
a2w (2w
face w, namely, - and - , since the slopes of the deflected sur-
ax2  Oy2
face are small. In terms of second derivatives with respect to x, u,
and v, the curvature in the y direction may then be shown* to be
given by the equation
a2w ao a2w aXu2 02w l~,2 02w
-- = -+ -+ ---- (27)by 2  X,2 ax 2  X, X2 0u2  X X 2 av2
and consequently
02w a2w / a \ a2  aX, 2 a2w 3X 2 a2wV2w= + (1-- + +. (28)
a2 2  X 2 / x 2  yX,2 au 2  XX 2 av2
That is, the sum of the curvatures in two orthogonal directions is
expressible in terms of the curvatures in three directions, no two of
which are orthogonal. The differential operator in (28), when applied
to U, gives
( ao3 a2 U aX,2 a2U 3Xý 2 a2 U
V2U = 1 -- + + . (29)
X___2  x 2  XX 2  u 2 X±X 2  9v2
*See Appendix B.
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Equations (8) and (9), namely
V2 U = V2w = U,
N
may now be expressed in terms of finite differences by the aid of
(28), (29), and the previously given difference equation for second
derivatives in the form of Equation (12). The result at any point 0
as defined by the network of Fig. 8 is
po = a) U.-2Uo+U, aX, 2 Up-2Uo+U,
= _(V2 U)o= 1 - +
N XY2  X,2 ,ýXy2  Xu2
p, 2 U, - 2Uo + U
+ XX 2 X\2
with a similar expression for V2w at point O. If, for abbreviation,
one lets
a P X,2
A =-- B = , C =- AB (30)
so that
A +B = 1,
then the final forms of Equations (8) and (9) become
poXY2
-- = A(Up+ U,)+B(U,+Ut) -2Uo+C(U,-2Uo+Ur) (31)N
UoX 2 = A(w,+ws)+B(Wq+wt) -2wo+C(ww- 2o+w,). (32)
When A = B = 1Y, Equations (31) and (32) reduce to the corre-
sponding equations given by Marcus.*
Corresponding to Equation (32) for the value of U at point 0
the equations for U at points p, q, r, s, t, and w may be written by
*"Die Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung biegsamer
Platten," H. Marcus, 1924, p. 29.
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a simple interchange of subscripts made according to the notation
given in Fig. 8. Thus
UpX.= A(wa+wo)+B(wb + W,) -2wp,+C(w -2w+w,) q)
U,2= A (wb + Wr)+B(wc+wo) -2W,+C(wp- 2w,+Wd)
U,r, 2 = A (w + wf)-+ B(wd + w) - 2w + C (wo - 2w,+ we)
(33)
U, 2 = A(wo+wg)+B(Wr +Wh) -2w +C(wt- 2w,+wf)
Ut, 2 = A (w, + Wh) + B (wo + w) - 2w, + C (wk - 2wt + w,)
UwX 2 = A (w,+wt) +B(wp+k) -2w +C(w- 2w,+wo).
Equations (32) and (33), when substituted into (31), yield, after
some simplification, the equation
4 7
Poiy-
=2wo(2+A2+B2 +4C+3C 2 )N
-2(w,+w
,
)(2A +2AC-BC)
q -2(w,+wt) (2B+2BC- AC)
w- 0 -2(wr+ w)(2C+2C2-AB)
S+(wma+w.,)A2+(w2+w )B2
/' h7 +(we+w,)C 2+2(wb+wh)AB
+2(Wd+Wk)BC
+2(wf +w)AC.
S(34)
This is the difference equation corresponding to the fourth order
differential equation (1). It expresses a relationship between de-
flections of the slab at points of the skew network in the vicinity of
a general point O. If the points of the network of a given slab are
numbered, an equation similar to (34) may be written for any in-
terior point provided that it is surrounded by a sufficient number of
points on all sides. If the point is on the boundary of the slab or
26 ILLINOIS ENGINEERING EXPERIMENT STATION
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on a line adjacent to the boundary, there is required some modifica-
tion of Equation (34) depending upon the type and orientation of
the boundary.
Under certain special conditions shown in Fig. 9 the skew net-
work becomes rectangular and Equation (34) reduces to a simpler
form. In particular when 0 = 0 the constants take the values
X, 2
A = 1, B =0, C -
X, 2
Equations (31) and (32) then reduce to (17) and (18), respectively,
and (34) reduces to the required form
po 1 4
S= 2wo 3(- + +
N X X 4  ,4  X 2 2J
(1 1 ++ W W+Ws)
- 4 2-+ w + w , + w.
X X2 xx2 2 2
Wn + Wq + Wf + Wt W, + We Wa + Wg
+2 - +kxX 2  x ±4  ' 4
Similarly, when 6 = 0 the network becomes rectangular, the con-
stants become
Xy2
A = 0, B = 1, C -2
xx2
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and the equations reduce to their simpler forms. Finally, when
)+ 6 = 7r/2 the axes u and v are at right angles. Then
2  X,2
A = B= C=0;
X 2 + Xv2  X 2 + X 2
X 2 = Xu 2 + Xv2; X 2 =-
X 2 + X 2
and Equation (34) reduces to
po 0 [ 1 1 4
S= 2wo 3 + -) +
N \ Xu4  X 4  u 2
(1 1+ W, W + Wt
+2 + +
W, + W, + Wb + Wh+ Wa + W+ We + W/
,u2 X2 Xu4 Xv4
Again, this is the required form for the rectangular network with axes
in the u and v directions.
Consider now the effect of the boundaries of the slab on Equation
(34) when point 0 is in the neighborhood of at least one boundary.
Two types of boundary as shown in Fig. 7 will be considered. Because
of the feasibility of treating a single load on a symmetrical structure
as a combination df pairs of symmetrical and anti-symmetrical loads,
it is sufficient to consider only one half of the total number of points
on the bridge. Typical points will be taken from the upper half of the
slab shown in Fig. 7. If the skew is opposite to that shown in Fig. 7
the slab may still be designed in the position shown provided that the
direction of traffic is reversed in each lane. For an unsymmetrical
structure an equation must be written for each point on the bridge. In
such an instance the equations pertaining to the lower half of the
bridge may be written at once by analogy with those given herein.
The boundary conditions at the simple supports require that there
shall be no deflection and no moment normal to the edges of the slab
on the lines of the supports. Expressed mathematically, this requires
that
(W)edge = 0, (VW)edge = (U)edge = 0. (35)
Along the curbs three boundary conditions are stated: (1) there shall
be no moment normal to the edge of the slab, (2) the curb shall be
ILLINOIS ENGINEERING EXPERIMENT STATION
a b c
m
o Upporr
FIG. 10
considered as an edge beam which deflects equally with the slab,
(3) the vertical reaction normal to the edge of the slab shall be trans-
mitted to the curb as a vertical load. With the curb oriented as shown
in Fig. 7, these conditions find expression as follows:
(/ w 2w \
(My)curb = -N - + = 0, (36)
\ 9y 2  ax 2 )curb
(W)curb = Deflection of slab at curb = z = Deflection of curb, (37)
a 9 /4 Qw2\(R,)curb = - (V2W) + (1 - w)
Sy (9y \x9 /-Mcurb
d4z
= q - EI-- (38)
dx4
where Ejl1 is the "stiffness" of the curb, and q is an external down-
ward load per unit of length of curb. Equation (36) may be written
in the form
(U)curb - (1 -)a = 0. (39)
If (37) is substituted into the right side of (38) and it is noted that
V2w = U, then Equation (38) becomes
r E1I 1 w aU 0 /a 2'w\ aI -- -( - ) ( )I __
L N aO4 Oy ay \ Oz /Jcurb N
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Let point 0 be chosen on the first interior line parallel to a simply
supported edge as shown in Fig. 10. The first condition expressed
by (35) requires that
Wn = Ww = Wt = Wh = 0 (41)
and the second condition requires that
U. = Ut = 0. (42)
Equation (31) then becomes
poXN 2
= A (Up + U,) + BU, - 2Uo + C (Ur - 2Uo).
N (43)
The values of U in (43) may then be expressed in terms of deflec-
tions of surrounding points by means of (32) and (33). The resulting
equation, modified by (41), is
poX, 4S= wo (4 + 2A 2 + B 2 + 8C + 5C 2)N
ay b c 
- (w, + w,) (4A + 4AC - BC)
q - 2w, (2B + 2BC - AC)
S - 2w, (2C + 2C 2 - AB)
S+W+ (wa + wg) A 2 + wcB 2 + w JC 2
+ 2wbAB + 2wdBC + 2wfAC.
. (44)
In an entirely analogous manner one finds, in the neighborhood
of the opposite simply supported edge, the equation
pok,4
- = wo(4+2A2 +B 2 +8C+5C2)
N
ay
n
m
* 7^ SX-rY
-(w,+w,)(4A+4AC-BC)
-2wt(2B+2BC-AC)
-2w,(2C+2C 2 -AB)
+ (Wa+wo)A 2 +wiB 2 +w,C 2
+ 2whAB + 2wkBC + 2w,A C.
(45)
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Consider next an interior point 0 near the curb as shown in
Fig. 11. Boundary condition (39) may be applied at points p and q
to express Up and U, in terms of deflections of points on the curb.
Thus, from (39),
UXy = (1 - i) (Wn - 2wp + w,) = D (w. - 2w, + w,) (46)
x2
where, for abbreviation,
X, 2D = (1 - -- (47)
X,2
Similarly, U,,S 2 = D (wp - 2w, + Wd). (48)
These values of U may then be substituted into (31). The remaining
values of U to be substituted into (31) are given by (32) and (33).
The substitutions give finally
1X 4
-= wo(4 A +B 2 +8C +6C2)
N
- w,(2A+2AC+2AD -BC-BD)
Crbn d -w,(2B+2BC+2BD-AC-AD)
Cur n p q e d
w- (w, r+w)(4C+4C 2-AB)
Rs/ -2wt(2B+2BC-AC)
9 , \ -2w,(2A+2AC-BC)
+w.(AC+AD) +wd(BC+BD)
+ (we+w,) C 2+ 2wfA C
+wA 2 +2WhAB+wfB 2+2wkBC.
(49)
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When point 0 is an interior point near a sharp corner of the
slab, as shown in Fig. 12, the boundary conditions are
Wn = W~ = Wt = Wh = 0,
UW = Ut = 0,
(50)
U 2 = D (-2w + w), (50)
UX, 2 = D (p, - 2w, + wd).
Equation (31), with Uo, Ur, and U, given by (32) and (33), and
modified by conditions (50) then gives the result
poX.u
4
-= wo(4+ A +8C+ + 5C 2)
N
-w,(2A+2AC+2AD-BD)
-w,(2B+2BC+2BD-AC-AD)
-w,(4C+4C 2 -AB) (51)
-w,(4A+4AC-BC)
+wd(BC+BD) +wC 2
+2wfAC+w,A 2.
In the neighborhood of the blunt corner shown in Fig. 13 the
deflection equation is found from (31), using boundary condition (39)
at point p, namely,
UpX, 2 = D (wn - 2wp),
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and using conditions (35) at the simply supported edge,
Wq = Wr = Wf = 0,
U, = U = 0.
The remaining values of U in Equation (31) may be expressed in
terms of deflections of surrounding points by means of (32) and (33)
with the final result
poX, 4
= wo (4+A2+B 2+8C+5C2)N
n -w, (4C+4C2-AB)
-w
,
(2A+2AC+2AD-BC)
-/s - 2wt (2B + 2BC-AC)
J h 9 (52) -w,(4A+4AC-BC)+w , A2
+ 2whAB + wB + 2wkBC
+wC 2+w, (AC+AD).
(52)
To determine the deflection equation which applies when point 0
is a general point on the curb as shown in Fig. 14 it is necessary to
FIG. 14- 
FIG. 14
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use condition (40) with the derivatives expressed by finite differ-
ences. From the geometrical relationships between slopes of a tan-
gent plane in the directions of u, v, and y it can be shown* that the
first derivative of any function f with respect to y, af/dy, evaluated
at point 0, may be expressed in terms of finite differences in the
neighborhood of point 0 by means of the equation
(af f-f, fq - f t(af A + B
\ a o 2X, 2X,
(53)
Using this relationship in Equation (40), and expressing the re-
maining derivatives by finite differences in the usual way, one ob-
tains the condition at a point 0 on the curb,
qok,3
= J (w, - 4w, + 6wo - 4W + We)
N
X, 2
- [A (U, - Us) + B (U - U,)]
D
- [A (w, - 2wp + w,) - A (wt - 2w8 + wf)^A
+ B(w, - 2w, ± wa') - B (wok - 2W8 + Wa.l
wherein
X,3 EI1
\ý3 XN
(54)
(55)
Equations (31) and (54) may now be combined so as to eliminate
U, and U,. The result is
qoXy3  poA1 4
- + =J (Wm-4w,w+6wo-4w,+w,)+AX 2 U
N 2N
C
+BX,'Ut+-X 2( Uw + U) - (1 C)X y2 Uo
2
D (56)
+- [(A -2B)wL+(B-2A)w,+Awf+Bwk]
2
D
-- [(B-2A)w,+(A-2B)w,+Aw,+Bwd].
2
*See Appendix C.
+ B~p -2w, d) B (k -2w, ,)]
ILLINOIS ENGINEERING EXPERIMENT STATION
In this equation U, and Ut may be replaced by their expansions given
in (33). The boundary condition M, = 0 at points w, 0, and r,
gives further expansions similar to (46),
UX, ' = D (w, - 2w, + wo)1
UoX" = D (ww - 2wo + w,) (57)
U,X,2 = D (wo - 2w, + w,),)
which may be substituted into (56). The deflections of external
points, wn, Wp, wq, and Wd, which appear in the last bracketed term
of (56) may be eliminated by using the three equations found by
equating the right sides of (57) to the corresponding expansions of
U, Uo, and U, given by (32) and (33). The final equation is
qo," PoAy
+ = wo(A 2 +B 2+4D+6CD+6J-3D2)
N 2N
-(w,+w,)(2D+4CD+4J -2D 2 -AB)
. ) (1oR 9DOiQ ?T)n-_ A r'_ A n\
-
-w,(2A+2AC+2AD-BC-BD)
( D 2
2
+wf(AC+AD)+wA 2 ±+2whAB
wB 2+ w(BC + BD).
It remains to determine the equations which apply when point
0 is on the curb near a corner. Certain limitations apparently exist
relative to the applicability of particular boundary conditions at a
f\ k- ,n---- ------
N . . . . h 9' ' N
FIG. 15
(58)
-- -t--- -- =wo(A•+B2+4D -t-6C +6 -- DN 2N
- ww)2 4D 4J-D 
-A
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corner point. While these limitations are not well understood, there
are fortunately certain checks which may be applied to the equa-
tions derived by a given choice of corner conditions. The method of
checking will be discussed and applied later.
Consider the sharp corner shown in Fig. 15. As before, the net-
work in the region external to the slab is shown dotted. The deriva-
tion proceeds exactly as for a general edge point up to and including
the development of Equation (56). The values of U in (56) may be
expressed in terms of deflections from the equations
Uw = Ut = 0,
UoX, 2 = D (w, - 2Wo + Wr),
UX,2 = D (Wo - 2w, + we), (59)
UsX, 2 = A(wo+w,) + B(w,+Wh) - 2w, + C(wt-2w,+wf), j
and it may further be noted that
Ww = Wt = Wh = 0. (60)
The first equation of (59) expresses the conditions that the moment
sum is zero at points w and t, and the second and third equations
express the conditions that My is zero at points 0 and r. Two further
conditions will be specified at the corner point, w, namely, the slope
in the direction of the simply supported edge shall be zero, i.e.,
aw
-- =) 0, (61)
and the moment My shall vanish, i.e.,
UWX, 2 = D (wm - 2w, + wo).
The last equation, together with Equations (59) and (60), gives
Wm= -Wo. (62)
Equation (61), expressed in terms of finite differences, gives
Wn - Wt
---- = 0, Wn = 0, (63)2XA
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and, from the relation between slopes in the x, v, and u directions,*
gives
Wp - Wk = Wo - Wn. (64)
Equations (62), (63), and (64) are sufficient to eliminate Wk, W,, and
w, from Equation (56). The remaining terms in w,, w,, and wd may
then be eliminated from (56) in the same manner as in the previous
derivation for the general edge point, that is from the relations
Uo,2= D(-2wo+w,)= A(wp+w,)+Bw-2wo+C(-2wo+w,) (65)
and
U,,Y2 = D(wo-2w, +w,) (66)
= A(w,+wf) + B(Wd-W,) - 2w, + C(wo-2Wr+We).
The final result of all the substitutions in (56) is the equation
qo0 ' poxy / 5
- +- =wo A 2+4D+5CD+5J-- D 2 -BD
N 2N 2
0 r e -w,(2D+4CD+4J-2D'-AB)
+we CD+J- D
-w,(2A+2AC+2AD-BD)
+wf(AC+AD) +w,A 2.
(67)
As a check on the coefficients of all the deflections except Wo in (67),
one may use the reciprocal relationship that the coefficient of any w, in
an equation expressing a unit load at point 2 is equal to the coefficient of
w2 in an equation expressing a unit load at point 1.t Thus, the coeffi-
cient of w, in (67) must be the same as the coefficient of w, in (58),
the coefficient of w, in (67) must be the same as the coefficient of w, in
(51), etc. A further observation may be made in connection with the
*See Appendix C.
tThis is a consequence of Maxwell's theorem.
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c oefficients o  points on the simply supported edge, that is of , wN- -+- =wo(A2+B2+4D+5CD+5J+BD--D'2)
N 2N 2
-w,(2D+4CD+4J-2D2
-AB)
m w
-w,(2A+2AC+2AD-BC)
\/jI -Wt(2B+2BC+2BD-AC-AD)
+w,A 2 +2whAB+wiB 2
+wk(BC+BD)+wm(CD+J-- .
The same checks may be applied to the coefficients in (68) as wer
applied to the coefficients in (67).
While some effort has been made to justify the conditions used i
deriving (67) and (68) and to verify the results, no specific limitatior
on corner conditions have been stated, and no possible equations hav
sum of all of the coefficients, an observation which affords a check on
the coefficient of Wo. Note first that the sum of all the coefficients in
(44) may be obtained from the coefficients in (34) by discarding the
coefficients of points on the simply supported edge, that is of w, w,
wt, and wh, by changing the sign of the coefficients of points outside of
the slab boundaries, that is of wi, wk, and wj, and then summing. That
is, the coefficients of deflections on the simply supported edge vanish
and the coefficients of deflections exterior to the slab must be reflected
back, across the simply supported edge, with opposite sign. The same
adjustments permit the sum of the coefficients in (51) to be found
from the coefficients of (49). Finally, the same procedure applied to
the coefficients in (58) is found to give the sum of the coefficients
in (67).
The discussion just given constitutes reasonably good evidence that
suitable corner conditions have been used in the derivation of (67).
Further proof of this may be given for particular choices of angle of
skew and spacing of points in the network.
When point 0 is on the curb and is adjacent to the blunt corner of
the slab, the boundary conditions to be used in deriving the deflection
relationship are identical with those used in the derivation of (67).
One finds
_. \ i -_ i ^ » n
in
i
)f
It
h
d
ie
d
'&,
It
>f
i
·(68)
e
s
e
   
n
n
ILLINOIS ENGINEERING EXPERIMENT STATION
been mentioned other than those actually used. The most that can
be said here is that the use of an equation such as (33) in the expan-
sion of U at the corner leads to a final result which violates the
reciprocal relation between the coefficients. The idea of an imaginary
extension of the slab beyond the actual boundaries is useful in deriving
and using difference equations, but, in the neighborhood of a corner
which is other than a right angle, the somewhat inadequate physical
concept seems to require a break leading in to the corner, perhaps as
shown in Fig. 15. Thus, the expansion of U at the corner is not per-
mitted in terms of the deflections of points which continuously sur-
round the corner. The nature of the singularity at an oblique or obtuse
corner deserves further study.
A sufficient number of equations have now been derived to permit
the determination of deflections at all points of the network for
symmetrical or anti-symmetrical loads. The various types of equa-
tions are summarized in the following:
Defining Network.
'I'
S/\/\/\//e
S/,Vd i \//\7 /N
Sut/ \/\/\/\/1 /
7 7 7 7 >\ 1YrsU OT'
Constants.
A +B = 1;
D = (1 - y) = (1 - y) (C + AB)
E 1i1
XvN
I, /Curb4 : ' -iw
_ _
- =An12/e
of Skew
----
rCurb
a rT-
a
A=--
X' 2C
Xý2
B= X,
ax
X,
2
- AB
- I
XX3
/1 1 '~
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General Interior Point.
J h C
= 2wo (2+A 2 +B 2 +4C+33C 2)
N
-2(w,+w,)(2A+2AC-BC)
-2(w,+w t ) (2B+2BC-AC)
-2(w,+w) (2C+2C2 -AB)
+(w +w,)A2+ (w,+w) B 2
+ (w, +w,) C2 2 (wb +Wh)AB
+2(Wd+Wk)BC
+2(w/+wn)AC.
C2)
)
- 2w, (2B + 2BC - AC)
- 2w, (2C + 2C 2 - AB)
+ (w, + w,) A 2 + wB 2 + wCC2
+ 2wbAB + 2wdBC + 2wfAC.
. (34)
(44)
a
m w
poXy 4
N
= wo(4+2A2+B 2+8C+5C2)
- (wp+w) (4A+4AC-BC)
- 2w,(2B +2BC - AC)
-2w,(2C+2C 2 - AB)
+(wo+w,)A 2 +wjB 2+w,,C 2
+ 2whA B + 2wkBC + 2wA C.
Interior Points Near Simply Supported Edges.-
po,4
= wo (4 + 2A 2 + B 2 + 8C + 5(
N
a b c _ (,,w 4- w (4A 4- 4AC - BC
(45)
pOnX
4
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Interior Point Near Curb.-
p--ox=wo(4+A 2 +B 2+8C+6C2)
N
-w,(2A+2AC+2AD-BC-BD)
Curb- n p q d -w,(2B+2BC+2BD-AC-AD)
ITm / -(w,+w.)(4C+4C 2-AB)
A- -2wj(2B+2BC-AC)
2 
-2w,(2A+2AC-BC)
+w,(AC+AD) +wd(BC+BD)
+(w,+w,)C 2 +2wfAC
+w,A 2 +2WA B +wB 2+2wkBC.
Interior Point Near Sharp Corner.-
poxy4
w =o(4+A2+8C+5C2)N
-w,(2A+2AC+2AD-BD')
-w,(2B+2BC+2BD-AC-AD)
-w,(4C+4C 2 -AB)
-w,(4A+4AC-BC)
+wd(BC+BD) +weC 2
+2wfAC+w,A 2 .
(49)
(51)
Interior Point Near Blunt Corner.-
n p
17 w
J h g (52)
PoX,4
- wo (4+A 2+B 2+8C+5C2)
-ww (4C+4C2 -AB)
- w(2A+2AC+2AD- BC)
-2wt (2B+2BC-AC)
-w,(4A+4AC-BC) +wA 2
+2whA B +wiB 2 +2wkBC
+wmC 2 +w, (AC+AD).
(52)
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General Edge Point.-
" .
qohu pohfA
+ = wo(A 2+B 2 44D +6CD +6J-3D2)
N 2N
-(w,+Wr) (2D+4CD+4J- 2D 2 - AB)
w C r e -wt(2B+2BC+2BD-AC-AD)
/ \/ /s -w,(2A+2AC+2AD-BC-BD)
J/ h / ++( D-+(w,+w-)(CD+J- 
2
+wf(AC +AD) +wA 2 +2whAB
+wjB 2 +Wk(BC+BD).
Edge Point Near Sharp Corner.-
0
qohXu 3  poX 4  5 'N +PAY4= wo(A2+4D+5CD+5J--D2 
-BD5
N 2N 2
-w,(2D+4CD+4J-2D2 -AB)
±\ /D±J D' ) (67)
S +w CD+J- - 2
-w,(2A+2AC+2AD-BD)
+wf(AC+AD)+wA 2.
Edge Point Near Blunt Corner.-
qoX, 3  poX,u4
+• -wo A2 +B f+4D+5CD+5J+BD
N 2N
-w,(2D+4CD+4J-2D2 -AB)
m w C
-w
,
(2A+2AC+2AD-BC)
\\. -wt(2B+2BC+2BD-AC-AD)
+wA +2w2hAB+ WjB 2
+wh(BC+BD)+w.(CD+J- 2
m
(58)
5 D
-D 2
2
(68)
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After the deflections have been determined for a particular slab
from a set of simultaneous linear equations it remains to determine
the bending and twisting moments. As before, the derivatives re-
quired in Equations (4) must be expressed in terms of finite differ-
ences. For the points of the skew network, as defined in Fig. 8,
the curvature in the x direction at point 0 is simply
( a2W
"\9x2 /o
w, - 2wo + Wr
From Equation (27), the curvature in the y direction is
(a w w,-2wo+w,
= A + B
ay 2 0o X,2
w,-2wo+wt ww-2Wo+Wr
-AB-- 
. (70)
A2 X,2
These, substituted in (4), are sufficient to determine the bending
moments Mx and M, at all interior points of the slab. Thus one
finds
N
(MW)o - XY2
N
(M)o = -
X' 2
[(D+±C) (w,--2wo+wr)
+±.A (wp-2wo+w.) (71)
+-,-B (Wqo-2Wo+Wt)]
[(C-D) (w,-2wo+w r)w
+A (w, -2wo +w) (72)
+B (w,-2wo+w)].
The twisting moment,
,3w
Mx, = -N (1 - )
is expressed in terms of finite differences at an interior point 0 by
means of the equation*
N(1 - )(M,,)o - [w(,+wt-w,-w +(B-A) (w,-2wo+Wr)]. (73)
*e 2XX B
*See Appendix B.
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When point 0 is on the simply supported edge of the slab Equa-
tions (71), (72), and (73) become modified by the conditions
w i rx
w (
(74)
Sunp/e
Supparpt
dcWp
wo = Ws = 0,
Uo = 0,
-)- 0,
where the u axis is in the direction of the supported edge.
second and third of these conditions find expression as follows:
B (w, + Wt) + C (w, + w,) = 0,
Wq - Wt = Wr - Ww,
as seen by reference to Equations (32) and (64). Therefore,
(74)
The
2B
-- wq,
B+C
2C
B+C
The substitution of
(74) into (72) gives
Equations (75) and the first of Equations
N (1 - !)(M,)o =- - (wr - w,) sin 24,XýXy
where p is the angle of skew. Furthermore, from the relations be-
tween moments at a point and from the conditions
(Mf + M,)o = (M, + M,)o = 0,
B - C-C
Ww = --- W r
C-B
Wt = Wq -B+Cw e =  + C
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the remaining moments are found to be
(MW)o = -(M,)o
N (1 - 4)
(MA)o = (w, - wq) cos 24 (77)
N (1 - 9)
(Mmax)o = -(Mmin)o = (M,)o = -(W - W)
Along the curb My = 0, and consequently
a2w 82w
-- -- 
= 0.
ay2  ax2
Therefore, when point 0 is on the curb, the bending moment M. in
the slab adjacent to the curb is
(M)o= -N (1 - 2) - r
\ 2 2 curb
L (78)
W1 - 2wo + wr
= -N (1 - 42) -
Xx
2
Furthermore, the bending moment in the curb is
Ww - 2wo + w,
(M)curb = -E 1I1w (79)
kx2
The condition My = 0 is insufficient to yield an expression which
will permit the twisting moment (73) to be expressed in terms of
deflections of points on the slab. An approximation is therefore
employed in which equations similar to (53) are used. Thus, where
(/ • \ W - Wf Wd - w ,
\ y , 2X, 2X,
2X 2X, (80)
(y ) 2X, 2\ J
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one has
( w a / w \
\xay o 2X (81)
= -- [A (w, + wt - wf - w)
+ B (Wd + Wk - w, - Wp)].
From the conditions My = 0 at points w and r, the quantities U,
and U, given by (33) may also be expressed by (57), the equalities
yielding the relations
Aw, + Bw, = 2w, - Awt - Bwk + (D - C) (w. - 2w, + wo)
Aw, + Bwd = 2w, - Awf - Bw, + (D - C) (wo - 2w, + w,).
These, substituted into (81), give the twist at a general edge point.
The twisting moment is then
(Mxy)o= -N (1 - P)
\ Qxýy )o
N (1 - x) (82)
= - [2(w, - w,,) (1+C-D)+2A(wt-wf)
4XX,
+2B(wk- w)+(D-C) (w,-wm)].
Equation (82) becomes further modified by the corner conditions
when either point w or point r is at a corner.
Summary of General Formulas for Moments:
Interior Point.-
N -
(M.)o = - [(D+±C) (w,-2wo+wr)
P 
-+pA (wp-2wo+w,) (71)
S r +±+B (w,-2wo+w,)]
S s (MM)o - [(C-D) (w, -2wo+w•r)
+A (w,-2wo+w.) (72)
+B (w,-2wo+wt)].
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N (1 - 4)(MN)o = - [(wq + Wt - wp - ws)
+ (B - A) (ww - 2wo + w,)].
Points on Simply Supported Edge.-
N(1-t)(M,)o= -(M,)o=- (w - w,) sin 20
n N(1 -A)
(M,,)o = -(w,- w,) cos 2(p
SN(1--)
(lmax){j - (M~i.)o = (Mlt)o - (w, - wq)
t y N(1 -i)
, ( M.)o = - (M,)o = - (wt - w) sin 2k
n N(1 - )
S0(My)o= - (w,-wt) cos 2q
N(1-N1)(77) (Mma)o= -(MJin)o = (M,t)o= (ww-w ).
General Point on Curb.-
N(1 - p)
(MZ)o = - (ww-2Wo+ w)
m w 0 r e X•
,4 ( s f .,,,
N(1 -A)(My)o - [2
4XxX,
Point on Curb Near
s r
J1j11
(Mcurb)O = - (Ww-2wo+wr)
Xz
2
(1 +- C - D) (wr - w,) + 2A (w, - wf)
+ 2B (wk - w,) + (D - C) (w, - w-)].
Sharp Corner.
N ( - )(2wo 
-(Mx)o = - (2wo - w)
x 0
(M,)o = 0
E1 1(Mcurb)O = (2wo - w,)
Xx
2
N (1 - p)
(MO,)o = - [2w, - 2Awf - 2B (wo + w,)
4XxX,
+ (D - C) (wo - 2w, + w,)].
73)
S(77a)
-(77b)
(78)
(79)
82)(
(83)
/
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Point on Curb Near Blunt Corner.-
k f S A8)
N (1 - -2)
(M,)o = (ww, - 2wo)
(M,)o = 0
E 1I1(Mcurb)O =- (ww
Xz2
2wo)
N (1 - A)
(M,,)o = [2w, - 2Awt + 2B (w, - wk)
+ (D - C) (w. - 2w, + wo)].
(84)
7. Special Case of 45-degree Skew Slab With Square Network.-
When a slab has a 45-degree skew it is convenient, at least for cer-
tain proportions of sides, to use a square network as shown for a
typical slab in Fig. 22. In this case the constants take the values:
X- = Xl = X
A=O
B=1
C=1
E 11
XN
The equations previously derived then become somewhat simplified,
taking the following forms when expressed in terms of a north-
south-east-west network as employed in Section 5.
General Interior Point.
-NN
A/E A EE
S SE
. (85)
-SS
poX4pO= 20wo-8(wN+-ws+WE+ww)
N
+ 2(wNE + NW+WSE WSW) (85)
+WNN+WSS+WEE+WWw. J
NW
WW W
SW
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Interior Point Near Simply Supported Edge.-
NN
NW Al £ poX4 PO
W E po = 18wo - 8 (wN + WE) + 2wNE
OF , £ N (86)
S+ WNW + SE WNN + WEE.J
(?6)
Interior Point Near Simply Supported Edge.-
/Vw
WW W O poX4
t N N = 18wo - 8 (ww + ws) 2wsw (87)
N (87)
W SE WN + WSE + WWW + WSS.
SS
Interior Point Near Curb.-
VW A NE
WW W o E EF N =19wo+(2-IA) (WNW+WNE)
(rE -2(3- 1u)WN--8(ww+WE ws) 8)
s SE +2(WSE +Wsw) +WW+WSS+W EE.
SS
Interior Point Near Sharp Corner.-
NW N NE
poX4
- 17wo-2(3--)wN+(1--)wrw
o E FE N
+ (2-)w-NE 8w E +WSE + .EE
(89)
SSE
Interior Point Near Blunt Corner.-
MW
WW WP4 =18wo+WNw-8(Ww+Ws)+2wsw QWW-  0 N (90)
+wWSE+WSS+WWW-.
SW S SE
(so}
'SS
sw s(sz,
-.,.,)
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General Edge Point.-
qoX3  poX4
N 2N
WW W 0 E EE
S(9/
SW S SE
SS
=(8-4,-3 2'+6J)wo
-2(2--- 2 +2J) (ww+wE)
1
+-(1- 2+2J) (www WEE)
2
-2(3--)ws+( 2 -- ) (WSW+WSE)
+wss.
Edge Point Near Sharp Corner.
qoX3  poX
4
N 2N
- (11 - 6 - 52+10J)wo"
2(1 ) E.
+÷ (1 -- 2-+2J)wE•
+(l-•L)WsE.
(92)
Edge Point Near Blunt Corner.
qoX3  poX4  1
+ -=(17 -10A-5p 2 +10J)wo
N 2N 2
ww w -2(2- -j2 +2J)ww
1
ll s / + (1-_+2J)wwwSW S " 2
(93)
- 2(3 
- C))Ws +WSE
+ (2 -)wsw +wss.
(93)
Equations (85) to (93) permit one to write an equation for each
point of the network for any loading. The solution of these equations
gives the deflection of each point. Examples are given in Chapter III.
The equations for the moments at an interior point of the slab are
(91)
0 (2
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Cur'b• W 0 E
¼! 45'
S/ Sup/or!
B/un/f Corner of S/la
FIG. 16
the same as expressed previously by Equations (19) with A, =,= A.
These are modified at points near and on the edges of the slab in gen-
eral by the same conditions as have been used in deriving the equa-
tions in Section 6. It will be recalled, however, that some doubt was
expressed relative to the validity of considering the slab to be extended
continuously around the corners of the slab. It would appear rather
that the concept of the imaginary extension of the slab requires a
broken surface outside of its actual area. Otherwise the overabun-
dance of conditions at the corner results in inconsistent or impossible
deflections. For example, in the blunt corner of the slab shown in Fig.
16 some of the conditions previously used at 0 lead to the relation
WW = -WE
(see the corresponding Equation (62) at the sharp corner). However,
the curvature normal to the simply supported edge at point 01 must
be zero, giving the condition
WS = -WE
Now each of these conditions relative to wE may be used in its place,
but the two together may not be used to establish the equality of Ww
and ws as may be seen by considering the circumstances when the
curb is infinitely stiff and therefore ww is zero. Obviously in this case
ws is not also zero for every possible loading.
For the reasons just stated, no attempt is made to give the moments
at the corners of the slab. These are believed to be of little actual
significance because of the inadequacy of the ordinary theory in the
neighborhood of the supports. The only effect of importance to be
determined at the corners is the tendency of the corner to lift or press
downward and it is believed that this tendency may be determined
in other ways.
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The equations for moments in the slab and curb at the various
typical points are summarized as follows:
General Interior Point.-
N
y (M.)o = -- [ww-2wo+WE+p(WwN-2wo+ws)]
X2
NW A/E'
A-- N
W o X (M,)o = - [WN-2wo+ws+A(Ww-2wo+WE)] (94)
SSE N(1- ) (WE+WSW-WNW-WS).SW S S (M)o = )E +Ws- NW-XE).4X2
Interior Points Near Simply Supported Edges.-
NW N NV-
Same as (94) except that
O E
WW = WS = 0,
(94A) SE WSW = -Wo.
N ,W Same as (94) except that
W 0 N WE = 0,
_ WNE = - Wo.
SW S SE
General Point on Curb.-
-N(1- _2)
(M,)o = (ww+ 2 wo+wE)X2
WW W  E CE
S(M)o = N -) [2(1+4) (WW-WE)i i N(1-4X2
SW S SE
+2(wsE - Ws) + (WEE -WWw)]
EJ1(Mcur)o = - (ww- 2 wo+ws).
X2
(95)
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Point on Curb Near Sharp Corner.-
Same as (95) except that
Ww = Ws = 0
Www = Wsw = -Wo.
Point on Curb Near Blunt Corner.-
WW W 0
s(9w S
SW S SE
Same as (95) except that
WE = 0
WEE = -WO.
Points on Simply Supported Edges (except corner points).
(M,)o= - (M)o= -
(M-ý)o= 0.
(M,)o= -(M)o= -
(M,,)o= 0.
N -
-(1-P/) (wE- WN (96)
X2 1 (96
N
-- (1-A) (Ww-Ws)I
X2 (97)
Numerical results obtained from the equations developed in this
section are given in Chapter III.
8. Special Case of 30-degree Skew Slab With Network of Equilateral
Triangles.-For slabs having a skew of 30 degrees it is often possible
to use a regular network of equilateral triangles as shown in the head-
ings of Tables 2 and 6. While this network requires certain propor-
tions of width to span, the width of the actual structure may be
altered slightly in the analysis without appreciable effect on the
maximum moments.
For this network, the constants become
1
A =B=C=-
2
3
D = (1-).
4
0 E EE
0 F(Z7(ssl
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The equations developed in Section 6 then reduce to the following:
General Interior Point.-
a 6 c
/. X -- = 42wo-10(w,+w,+w,+w,+wt+w),)
/ \ N
A A A +f2wo+we+w'e+W+wi+w,+.
J
Interior Points NearlSimply Supported Edges.-
a' b c
4poX, 4
Sr=40wo-11(w,+w) -10(w,+w,)N
S+2(Wb+wd+wf) (99)
- +wa +wf+w+ww.
S 4PX =40wo- -ll(w+w)-- 10(ww+w,)
/7 " +2(Wh+Wk+W.) 
(100)
t S V +W.+Wo +W,+ .+w.
Interior Point Near C
4poX, 4
=4u'
/n p q c/
T2 7777\;,7
\A7'\AT
\/ (loV )
J- 000
urb.
13-3
Wo--11(w,+w,)- (W,+Wq)
2
5-3A (101)
- lO(w + wt) +- (wd + Wn)
2+2(w) +
+2(wf+Wh+Wk) +W,+W+Wj±Wi+.
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Interior Point Near Sharp Corner.-
p q 01'
4 poX y4
0 \ N = 3
eN
s
(/02)
9.
(102)
Interior Point Near Blunt Corner.-
n p/ 4poX 4
N 4po =39wo - (8- 3ji)w - 11l(w. +ww)
m 
- 10wf 2(}w+)+wk)+W+g+W /(103)
\ , (5 -3y)
g 2
General Edge Point.-
2 2+21 ) 27 -
N (2qoXk+poX)=wo 2+21(1-y) 4 (1-)+24J
-- (w,+w) 12(1-- (1-)'+ 16J-1
" 2 J
F3 9
+(W+w-) -- (1 -,u)+4J- (l- ) 21
L2 8 1
13-3u
-- (w,+ w,) +2wh
2
5-3/
+-- (Wf +wk) +Wg + W.2
S(104)
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Edge Point Near Sharp Corner.-
2 4 5
N (2qo+po) 4) =Wo 18(1
- ) (1-A)2+20J+1
S.... . 9 . ..
-w, 12(1- -2 (1-,)2 16J-) 2
(105)
[ 3 9 I2 (18-1) -8 (L -g)+4J
-w, 6+ (1-) + wf 1+ (1-) + W".2 2
Edge Point Near Blunt Corner.
2 r 45
N ( 2qo.,+poXy4 ) =wo 2+21(1-)-- 8(1 - )2+20J
-wW [12(1 -)- (1 - )2+16J- 1
S -w. [5+3(1-) - wt 5+- (1 ) (106)
F -2
-9 - ( - )+4J]
+ 2 w +w + W.
Equations (98) to (106), inclusive, are sufficient to determine the
system of simultaneous equations from which the deflections may
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be obtained in a given slab of 30-degree skew. From the deflections
the moments may be computed as follows:
General Interior Point.-
N
(M)o -- [6(1 +u)wo- (3 -g) (w,+w,)
4X 24X2  
-2p(wp+w,+w±,+W)]
N
(M,)o=-2 [6(1+A)wo+(1-3u) (w,+w,)
' 3 N(1-AL)(M)o= (,+Ws--W,--Wt).
4X\2
.(107)
Points on Simply Supported Edges (except corner points).-
3N
= -(M,)o =X (1- )
4X" 2 108)
(M..)o = (WM)o
V3
3N
4X2 (1 - ( - w
1 (M(Mz)o = /- (M,)o.
'/3
Point on Curb.
3N(1- _ 2 )
(M) o = (2wo - wW - Wr)
4X2
m ww'0 r'r e My=0
'r,,- v/3 N(1-A)
S (M)o=[(1+3A) (w,-wm)
f s 32X 2
+ 2 (5+3y) (w,-w,)
+16(w,-wt)].
(109)
(110)
The equation for M., in (110) is obtained by using the condition
M, = 0 at points w' and r' shown in the sketch, the deflections at
X :q
----
I
t -*S
wo;70
W 0A
I 109)
tv
MM)o
/*
(
·-- - ·---
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FIG. 17. MAXIMUM MOMENTS IN UNIFORMLY LOADED SIMPLY SUPPORTED SLABS
w' and r' being obtained by making the curve of deflection defined
by the equation
w = ao + ax + a2 2 + ax' (111)
pass through two points on each side of w' and r', respectively.
When point 0 is adjacent to a corner the interpolation is modified
so as to include three points instead of four.
III. APPLICATIONS OF EQUATIONS
9. Uniformly Loaded Slabs Simply Supported on Four Edges;
Varying Skew.-Analysis was made of a group of uniformly loaded
slabs in which the ratio of the long side to the short span was kept
practically constant at a value of 2.0. These slabs were simply sup-
ported on all edges and varied in skew through angles of 0, 30, 45 and
60 degrees. An attempt was made to gain a rather complete picture
of the distribution and direction of principal moments as well as the
distribution of moments in the directions of the coordinate axes. The
analysis of the slab of zero skew (rectangular slab) gives a basis for
judging the effect of skew on these slabs. For all of the analyses
Poisson's ratio was taken as 0.2.
Figure 17 shows a plan of the slabs analyzed, and shows values
and directions of the principal moments obtained at the center of each
slab. The curve at the bottom of the figure shows the variation of
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S/-ip/y Supvporfed
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of 75-Degree S4ew
FIG. 18. SIMPLY SUPPORTED UNIFORMLY LOADED SLAB OF 75-DEG. SKEW
maximum moment with angle of skew. It is to be noted that for this
proportion of sides a considerable angle of skew has little effect on
the coefficient of maximum moment, the coefficient for a 45-degree
skew being 92 per cent of that for no skew. The values plotted on the
curve for angles of skew, 0, of 75 degrees or more were obtained from
the simple slab moment 1/8 ps2 where s is the normal span given by
the relation
s= 2a cos 4.
For these large angles of skew the moment at the center of the slab
is practically unaffected by the supports which are parallel to the x
axis. That this is reasonable may be seen from the proportions of the
slab sketched in Fig. 18 for a skew of 75 degrees.
Trajectories of principal moments were sketched as accurately as
possible from the limited number of directions of principal moments
computed at the points of the various networks. The trajectories are
shown in Fig. 19 where the effect of increasing the angle of skew may
be noted for angles up to 45 degrees. For the skew of 60 degrees the
network was considered too coarse to yield a satisfactory picture of
the trajectories. It may be observed that the direction of maximum
moment at the center of these slabs remains practically in the direc-
tion of the short span for angles of skew up to 45 degrees.
Tables 1 to 4 and their accompanying sketches give more detailed
information concerning this group of slabs. The networks are shown
and deflections, moments, and directions of principal moments are
given. The deflections for the rectangular slab, which was included
for comparison, were available in Marcus' book, as noted in Table 1.
For the slab of 30-degree skew the deflections were obtained from the
solution of 9 equations of the type (98) to (103), inclusive, wherein
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/Vo Skew
30 Skew
45" Skew
FIa. 19. TRAJECTORIES OF PRINCIPAL MOMENTS FOR UNIFORMLY
LOADED SIMPLY SUPPORTED SKEW SLABS
k,= a/4 and the intensity of load is constant and equal to p for all
points of the network. The moments for this slab were then computed
from Equations (107) to (110), inclusive.
Similarly, for the slab of 45-degree skew the deflections were ob-
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TABLE 1
DATA FOR UNIFORMLY LOADED SIMPLY SUPPORTED SLAB HAVING NO SKEW
Deflection*
16Nw
pa
4
0.05399
0.07485
0.09136
0.12718
0.11201
0.15624
0.11850
0.16540
0
0
0
0
0
0
0
0.02324
0.03086
0.02784
0.03760
0.02772
0.03759
0.02729
0.03709
0
0
0
0
0
0
0
0.03646
0.04622
0.05889
0.07628
0.07062
0.09243
0.07419
0.09747
0
0
0
0
0
0
0
metr/ica/ PrTncipa/
Ibou • Mornenfes
7 /-
Load p per V/nilf Area.
Poissons Raat/'o u=0.2.
-0.02544
0
-0.01628
0
-0.00764
0
0
0
0
-0.02994
-0.03655
-0.02321
-0.01085
0
-0.04319
Mma-
pa2
0.05613
0.04622
0.06586
0.07628
0.07194
0.09243
0.07419
0.09747
0
0.02994
0.03655
0.02321
0.01085
0
0.04319
Mmin
pa2
0.00357
0.03086
0.02087
0.03760
0.02640
0.03759
0.02729
0.03709
0
-0.02994
-0.03655
-0.02321
-0.01085
0
-0.04319
0
deg.
-38
0
-23
0
-10
0
0
0
45
45
45
45
45
*From "Die Theorie elastischer Gewebe und ihre Anwendung auf die Berechnung biegsamer
Platten," H. Marcus, Berlin, 1924, p. 166.
tained from 11 simultaneous equations written according to Equations
(85) to (90). For the slab of 60-degree skew only 4 equations were
needed to determine the deflections of the 9 interior points because of
symmetry. The equations were obtained by applying the relations
derived in Section 6 with the constant having the values
A =C = , B=1-A,
2
D= 1
4
(112)
Reference is made to Appendix A for notes on the solution of simul-
taneous equations of the type encountered in the analysis of slabs by
difference equations.
10. Uniformly Loaded Slabs Simply Supported on Two Edges;
Varying Skew.-A second group of slabs, similar to the first except
~
-- --- -----------
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TABLE 2
DATA FOR UNIFORMLY LOADED SIMPLY SUPPORTED SLAB
HAVING A SKEW OF 30 DEGREES
7- -a =202a
/3 /4 /5- /6 /7 /8
SA A Zpporf( / \/4 \7 \ 6
Deflection
16Nw
pa
4
0.04164
0.07844
0.07472
0.08448
0.13680
0.10931
0.11136
0.16387
0.11971
0
0
0
0
0
0
0
0
0
Sb7Yp/e Su~epoo,-/
M.
pa
2
0.04419
0.05445
0.03780
0.05974
0.08055
0.06587
0.07052
0.09499
0.07367
-0.00223
0.02208
0.02499
0
0
0
0
0
0
M.
pa
2
0.00798
0.02534
0.03644
0.02344
0.03864
0.03060
0.02744
0.03849
0.02823
0.00223
-0.02208
-0.02499
0
0
0
0
0
0
Ma Mmax
pa
2
pa
2
0.02717
0.01104
-0.02022
0.02022
0.02676
-0.00938
0.00938
0.00071
0
-0.00129
0.01275
0.01443
0.02885
0.02968
0,01862
0.00579
-0.00720
-0.02397
dp pe1r //it Area
son/s Rat/ 2u'o~.~
min
pa
2
-0.00657
0.02163
0.01689
0.01442
0.02561
0.02826
0.02549
0.03848
0.02823
-0.00258
-0.02549
-0.02885
-0.02885
-0.02968
-0.01862
-0.00579
-0.00720
-0.02397
0.05973
0.05817
0.05735
0.06876
0.09358
0.06821
0.07247
0.09500
0.07367
0.00258
0.02549
0.02885
0.02885
0.02968
0.01862
0.00579
0.00720
0.02397
that the long edges were free to deflect, were analyzed for the effect of
skew. Figure 20 shows a plan of the slabs and the maximum intensity
of moment at the center and the distribution of moment along the
edges of the slabs. The curves at the bottom of the figure show the
variation of the maximum center moment and of maximum M, at the
edge for various angles of skew. The maximum moment at the center
of the slabs may be compared with the simple beam moment 0.125 pb 2,
where b is the span measured normal to the supported edges. It will
be seen that the rectangular slab of the given proportions has a center
moment slightly under and a moment at the edge slightly over the
simple beam moment. As the skew is increased the coefficient of
maximum center moment also increases for a time, whereas the maxi-
mum moment in the direction of the edge decreases. However, when
0
deg.
-28
-19
44
-24
- 4
14
-12
- 1
0
-15
-15
-15
45
45
45
45
45
45
i . . .. .. . ...I ~ V Y
-- --------------------
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TABLE 3
DATA FOR UNIFORMLY LOADED SIMPLY SUPPORTED SLAB
HAVING A SKEW OF 45 DEGREES
22 2/ 20 /9 /8 /7 /6 s" 7 Suporf
I 0/ 2 4 7 / 9
[ 3 5 8 I 8
° 6 9/107
16'
6K14f
5- \3 3 Locrd per n/rt Area
Poissons Ra,//' u=OZ
4 2 / /2
T-3
"~-
1S/?7p/e Support
M.
pa
2
-0.00343
0.01146
0.00848
0.02270
0.03337
0.03710
0.02710
0.03844
0.03211
0.02921
0.03893
-0.01613
-0.02541
-0.01009
0.00366
0
0
0
0
0
0
0
M,
pa
2
0.03802
0.05192
0.05165
0.06110
0.06876
0.02978
0.06757
0.08428
0.05832
0.06798
0.08975
0.01613
0.02541
0.01009
-0.00366
0
0
0
0
0
0
0
0.01442
0.02116
0.01086
0.01745
0.00929
-0.00454
0.00887
0.00356
-Q.00868
0
0.00213
0
0
0
0
-0.01715
-0.00213
0.01003
0.02006
0.02487
0.02072
0.00806
Mm-a
pa
2
0.04254
0.06096
0.05422
0.06784
0.07105
0.03928
0.06942
0.08455
0.06093
0.06798
0.08984
0.01613
0.02541
0.01009
0.00366
0.01715
0.00213
0.01003
0.02006
0.02487
0.02072
0.00806
Mmin
pa
2
-0.00795
0.00242
0.00591
0.01595
0.03108
0.02761
0.02524
0.03816
0.02949
0.02921
0.03884
-0.01613
-0.02541
-0.01009
-0.00366
-0.01715
-0.00213
-0.01003
-0.02006
-0.02487
-0.02072
-0.00806
the angle of skew becomes very large the maximum moment at the
center of the span must again become 0.125 pb 2 although it is con-
ceivable that the maximum moment elsewhere may have a greater
value.
Trajectories of principal moments are shown in Fig. 21. It is
notable that the maximum moment in the central region of the slab
is very nearly in the direction of the span normal to the abutments
even for relatively large angles of skew. The departure from the
normal direction is about 7 degrees for an angle of skew of 30 degrees,
and is about 11 degrees for an angle of skew of 45 degrees, the inclina-
tion being from the normal toward the direction of the skew span.
The indicated directions of principal moments in the central regions
Deflection
16Nw
pa
4
S0.02016
0.05181
0.05192
0.08234
0.10577
0.06453
0.10196
0.13918
0.09662
0.10742
0.15011
0
0
0
0
0
0
0
0
0
0
0
0
deg.
-17.5
-23
-13
-21
-14
-25.5
-12
-- 4
17
0
- 2.5
0
0
0
0
45
45
45
45
45
45
45
I _ I
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TABLE 4
DATA FOR UNIFORMLY LOADED SIMPLY SUPPORTED SLAB
HAVING A SKEW OF 60 DEGREES
L oac p per 1/n//f Are- Po/sson's Ra, f'o .= O.2
A=I-l , 9B-, C=I-A , D4 = -
Deflection
Point Delection M, M., Mmx. Mmin 06Nw pa2  pa 2  pa2  pa 2  pa 2  deg.
pa
4
1 0.02362 0.00273 0.03946 0.01060 0.04230 -0.00011 75
2-a 0.06877 0.01788 0.05926 0.01540 0.06436 0.01278 71.5
2-b 0.06877 0.01489 0.06225 0.01022 0.06436 0.01278 78.5
3 0.08881 0.03630 0.05089 0.00421 0.05202 0.03517 75
4 0.12739 0.04310 0.07479 0.00916 0.07724 0.04065 75
5 0 -0.00818 0.00818 -0.00472 0.00945 -0.00945 15
6 0 -0.01564 0.01564 -0.00903 0.01806 -0.01806 15
7 0 -0.00694 0.00694 -0.00401 0.00802 -0.00802 15
8 0 0 0 0.00945 0.00945 -0.00945 45
9 0 0 0 0.01806 0.01806 -0.01806 45
10 0 0 0 0.00802 0.00802 -0.00802 45
of the slabs are believed to be reliable. In the vicinity of any
boundary of a slab some modification of the indicated directions is
necessary in the light of the known boundary conditions and the
limitations of the ordinary theory of bending of thin slabs. Note, for
example, the angles of inclination of the moment trajectories with the
free edges of the slabs. The various angles are in conflict with the
known stress-free condition of the edge, since this condition would
make one set of trajectories necessarily intersect the edge at right
angles. The reason for the discrepancy is that the analysis permits a
shear and a twisting moment to exist on the edge, these to nullify
one another as far as their resultant effects remote from the edge are
concerned. However, near the edge, that is within a distance equal to
one or two times the depth of the slab, their effects are noticeable and
require correction.
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FIG. 20. MOMENTS IN UNIFORMLY LOADED SLABS HAVING Two FREE EDGES
Because of the foregoing considerations, the sketches of moment
trajectories are interpreted as indicating the most favorable directions
of reinforcement in the central regions of the slabs, but not in the
vicinity of the edges. At a free edge a band of reinforcement should
be placed parallel to the edge. The matter of reinforcement is dis-
cussed more fully in Section 15.
The details concerning the networks used in analyzing this group
of slabs and numerical values of deflections and moments are given
in Tables 5 to 8, inclusive, and their accompanying sketches. For any
slab with free edges the number of simultaneous equations necessary
for the calculation of deflections is increased over that used for an
identical network on a simply supported slab because of the deflection
of the edges. The general equations derived previously for slabs with
curbs apply here when J, the stiffness coefficient of the curb, and q, the
intensity of load on the curb, are made zero.
11. Simple Span Slab-Bridge With Curbs; 45-degree Skew.-
Particular attention is given in this section to a slab-bridge having a
26-ft. roadway, a 45-degree skew, a span of 19 ft. 6 in. normal to the
abutments, and a curb detail as shown in Fig. 22. Loads to be con-
sidered include the uniform dead load due to the weight of the slab,
-Maxi/mum Center Mornen,
I \
- aximi/m , -
at Ea'ie -
--
Y
2,_,
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FIG. 21. TRAJECTORIES OF PRINCIPAL MOMENTS FOR UNIFORMLY LOADED
SKEW SLABS SIMPLY SUPPORTED ON TWO EDGES ONLY
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TABLE 5
DATA FOR UNIFORMLY LOADED SLAB WITH FREE EDGES
HAVING NO SKEW
-- 3 4 ree --- a------
13 / 6 8 /L
/3 2 6 7 /2
Free Fdgef ~ymfio
Aboc,! P
Deflection
16Nw
pa
4
1.34696
1.33372
1.39106
2.54993
2.46992
2.44567
3.17673
3.20817
3.31123
3.57598
3.46501
3.43109
0
0
0
0.21781
0.21647
0.22289
0.38167
0.37357
0.37118
0.46414
0.46709
0.47669
0.50832
0.49827
0.49513
0
0
0
0.01394
0.01788
0
0
0.02119
0.02766
0.03247
0.02466
0
0
0.02569
0.03389
0
0
0
' Sirmp/e
/ Seppo
Abomm
/~
•r ca / Pr/icric/pa/
T-s5
Load p per 61n// Area
Po/ssonaS Rf719o /1b =0.Z
M,• Mma-
pa
2
pa
2
-0.02085
0
-0.04791
-0.03416
-0.01543
0
0
-0.00813
-0.01766
0
0
0
0
-0.02294
-0.05385
0.21993
0.21647
0.23275
0.38480
0.37425
0.37118
0.46414
0.46725
0.47735
0.50832
0.49827
0.49513
0
0.02294
0.05385
Mmin
pa
2
0.01183
0.01788
-0.00986
-0.00303
0.02052
0.02766
0.03247
0.02451
-0.00066
0
0.02569
0.03389
0
-0.02294
-0.05385
the weight of the curb and handrail, and truck wheel loads approxi-
mated by placing distributed loads over small areas centered at various
points of the network. Twelve simultaneous equations are required to
determine the deflections at the points of the network shown in Fig. 22
for any system of symmetrical or anti-symmetrical loads.
The equations which lead to values of deflection are of the type
(85) to (93), inclusive. It will be noted that Poisson's ratio, p., and
the quantity J, proportional to the curb stiffness, must be given nu-
merically before a solution can be effected. As before, Poisson's ratio
was taken as 0.20. A value of J was determined on the basis of an
assumed depth of slab of 15 inches. Thus
X
, 3 E 111J X,3 X,•N
17 (27) 3
- in.4
12
ElI1 5 12 (1 - A2) Ii
XN v'2 ah3
0
deg.
-5.5
0
-11.5
- 5
- 2.5
0
0
- 1
- 2
0
0
0
45
45
t
/
tttttttt-
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h = 15 in. A = 0.2
a = 234 in. J = 1.5
This value of J was used in the calculations in this section.
Consideration was given to the various loading conditions described
in the headings of Tables 9 to 14, inclusive. Table 9 gives moment
coefficients for dead load, including the weight of the curb and hand-
rail. For the assumed depth of slab and a paving allowance of 25 lb.
per sq. ft., p= 2 12 lb. per sq. ft. The provision for the weight of the
curb and concrete handrail and spindles was taken as q = 584 lb. per
ft., which permitted the use of a convenient relation q = pX/2 in
the equations.
Table 9 shows the greatest computed value of moment to be at
points 8, near the blunt corner, where
Mmax = 0.1260pa 2.
However, when combining the effects of live and dead loads, a more
significant moment is near the center of the slab. At points 12
Mmax = 0.1186pa2 ,
the direction of this moment being practically at right angles to the
abutments. If it is assumed that the maximum moment varies para-
bolically between points 11, 12 and the center of the slab, it is found
that the maximum moment at the center of the slab is about 3 per
cent higher than that at point 12. At points 9 the maximum moment
is only slightly less than that at point 12 and is also practically normal
Section A-A P/an of Bridge Nelwork for Analysis
FIG. 22
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TABLE 6
DATA FOR UNIFORMLY LOADED SLAB WITH FREE EDGES
HAVING A SKEW OF 30 DEGREES
LoaGdp per 1U/W' Area.
Deflection M , M
M. M, M,, Mn,,• Mmin BPoint 16oNw 
_P pa 2  pa2  pa
2  pa2  pa2  deg.
pa
4
1 1.10819 0.12670 0 0.04803 0.14285 -0.01615 18.5
2 1.09223 0.16308 0.04312 0.06475 0.19136 0.01484 23.5
3 1.90352 0.26931 0 0.09107 0.29721 -0.02790 17
4 1.80309 0.28673 0.05056 0.11164 0.33116 0.00614 22
5 2.03391 0.33524 0 0.10786 0.36694 -0.03170 16.5
6 1.83093 0.30585 0.04867 0.13046 0.36044 -0.00592 22.5
7 1.33654 0.25887 0 0.12958 0.31258 -0.05371 22.5
8 1.12763 0.18275 0.05450 0.12192 0.25638 -0.01912 31
9 0 0.00538 -0.00538 -0.00311 0.00621 -0.00621 -15
10 0 -0.01195 0.01195 0.00689 0.01380 -0.01380 -15
to the abutments. The distribution of moments in the curb is shown
in Fig. 23 where the greatest computed moment is given as
Mcurb = 0.0421pa3,
at point 4. While it is possible that a slightly higher value of moment
exists at a short distance to one side of point 4, the computed value
is evidently reasonably close to the maximum.
As a first approximation to the effect of truck rear wheel loads, the
areas surrounding points 11 and 12 were loaded by total loads P by
letting
P P
P11 = P12 =
XX, X2
where P is the magnitude of a single wheel load. The remainder of
the slab was left unloaded by making q and p zero at all other points
of the network. The coefficients of deflection obtained from the simul-
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TABLE 7
DATA FOR UNIFORMLY LOADED SLAB WITH FREE EDGES
HAVING A SKEW OF 45 DEGREES
'/j. -- -- - -- -- -- , esu/ftan f Reacfionz 52 / / 7 /4I/I I on / /'TT' e
o 9 13 /9 C 9 6 o
S1° '4 7 I/ 8 N ,3 / 7'
/5 16' // I 17 14
lslP/e, S1ippon'
Loodp per U,?// Area'
Deflection
16Nw
pa
4
0.45459
0.87560
0.44147
1.20450
0.82355
0.42444
1.37882
1.09301
0.78629
0.42935
1.34615
1.20113
1.03987
0.83479
0.59189
1.07785
1.11374
1.13242
0
0
0
M,
pa
2
0.03224
0.08843
0.06086
0.14838
0.11623
0.06766
0.19871
0.16554
0.11830
0.03839
0.22621
0.19874
0.16980
0.13405
0.10169
0.20895
0.19501
0.19257
-0.00365
0.01362
0.01050
M,
pa
2
0
0
0.01922
0
0.04068
0.03786
0
0.05319
0.07173
0.07720
0
0.05573
0.07603
0.06311
0
0
0.05552
0.07437
0.00365
-0.01362
-0.01050
SFree Edge
Poisson's Ro'Ao 4 jiU-22.
M.,
pa
2
0.00450
0.02462
0.02320
0.05473
0.05661
0.04045
0.09112
0.09475
0.09144
0.08116
0.12824
0.12942
0.13273
0.14634
0.16609
0.16036
0.15085
0.14654
0
0
0
Mmax
pa
2
0.03285
0.09482
0.07121
0.16638
0.14438
0.09586
0.23416
0.21666
0.18942
0.14124
0.28410
0.27499
0.26368
0.24916
0.22454
0.29587
0.29146
0.29147
0.00365
0.01362
0.01050
Mmin
pa
2
-0.00062
-0.00639
0.00887
-0.01800
0.01254
0.00966
-0.03545
0.00205
0.00074
-0.02565
-0.04909
-0.02892
-0.01785
-0.05200
-0.17370
-0.08691
-0.04093
-0.02454
-0.00365
-0.01362
-0.01050
taneous equations and the resulting moments are given in Table 10.
The greatest moment is at point 12 where
Mnax= 0.541P.
The live load moments found for this loading are combined with the
effects of front wheels and dead loads in Table 14.
Table 11 gives similar results for the wheel loads placed over points
8 and 9. The maximum moment in the slab is now at point 9, having a
value
M,,, = 0.476P
0
deg.
8
14.5
24.5
18
28
35
21
30
38
-38
24
30.5
35
35.5
36.5
28.5
32.5
34
0
0
0
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TABLE 8
DATA FOR UNIFORMLY LOADED SLAB WITH FREE EDGES
HAVING A SKEW OF 60 DEGREES
Looda pper /,,'-i Area. Poisson' RAo/o ' =0.2
-t, ' z -I T-8
C=1- D=
Deflection
M» My Mxy Mfma, MAl 0Point 16Nw M. - - - i .
-- o pa
2  
pa
2  
pa pa  pa
2  deg.
pa
4
1 0.38668 0.03445 0 0.01234 0.03842 -0.00396 18
2 0.62983 0.09334 0 0.05024 0.11524 -0.02190 23.5
3 0.33316 0.06477 0.01951 0.03750 0.08594 -0.00166 29.5
4 0.48406 0.08119 0 0.09263 0.14173 -0.06054 33
5 0.41270 0.07587 0.05187 0.07947 0.14424 -0.01650 40.5
6 0.24499 0.05553 0.04579 0.05625 0.10712 -0.00580 42.5
7 0.21934 0.02269 0.08228 0.09026 0.14754 -0.04256 54
8 0.29677 0.04409 0.09621 0.09251 0.16626 -0.02596 53
9 0 0.01854 -0.01854 0.01070 0.05352 -0.05352 15
10 0 0.03054 -0.03054 0.01763 0.03527 -0.03527 15
11 0 0.00889 -0.00889 0.00513 0.01026 -0.01026 15
which is less than that found previously at point 12. However, the
greatest moment in the curb has risen for the new position of loads
as may be expected from the plan of the bridge.
A third symmetrical placing of loads is shown in Table 12. The
coefficients of moment in the slab are definitely less than for previous
0.040/pa03
a / oJ p.'
I I
F 7 4 2
FIG. 23
/ 4,t
A=/- 8
L? 2
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TABLE 9
SLAB WITH CURBS ANALYZED FOR DEAD LOADS
r un/I of a7rea.
Pr uni/ of oflengf•
/' curb and 7handrail.
for assumed curb.
Deflections and moments are due to uniform load plus curb load
Deflection
Nw
pX'
1.79826
2.99660
1.54007
3.11972
2.38512
1.34709
2.00248
2.27952
2.08683
1.27169
1.31469
2.03731
0
0
0
0
M.
pa2
0.04607
0.08258
0.05694
0.09526
0.08091
0.05353
0.06799
0.07625
0.07310
0.04779
0.03746
0.06885
0.01652
0.01235
0.00483
-0.00275
M,
pa2
0
0
0.01780
0
0.03948
0.03444
0
0.05133
0.06242
0.04462
0.05296
0.06927
-0.01652
-0.01235
-0.00483
+0.00275
M_,
pa
2
0.00749
0.03199
0.02505
0.05608
0.04930
0.03007
0.06955
0.06096
0.04972
0.03034
0.04003
0.04951
0
0
0
0
Mma.
pa
2
0.04726
0.09352
0.06916
0.12121
0.11367
0.07554
0.12140
0.12601
0.11777
0.07659
0.08599
0.11857
0.01652
0.01235
0.00483
0.00275
Mmin
pa
2
-0.00119
-0.01094
+0.00558
-0.02595
+0.00673
+0.01244
-0.03342
+0.00157
+0.01775
+0.01583
+0.00444
+0.01954
-0.01652
-0.01235
-0.00483
-0.00275
pa'
0.02036
0.03649
0.04210
.0.03005
0
deg.
9
19
26
25
34
36
32
39
42
43.5
50.5
45.5
0
0
0
0
loadings, but the moment in the curb has increased again to a maxi-
mum value
Mcurb=0.0933Pa
at point 4. If the loads P are taken as rear wheel loads for H-20
loading* with impact, and the dead load moment is included, the maxi-
mum moment in the curb becomes
Mourb = 0.0421pa 3 + 0.0933Pa
= 0.0421 (212) (19.5) 3 + 0.0933 (21 500) (19.5)
= 105 300 ft. lb.
*American Association of State Highway Officials, "Specifications for the Design of High-
way Bridges," 1935.
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TABLE 10
SLAB WITH CURBS ANALYZED FOR LOADS AT POINTS 11 AND 12
0/7 s/ab = 4P.
' for assumed curb.
Deflections and moment coefficients for loads P at points shown
0
0
0.06010
0
0.10336
0.15276
0
0.15304
0.24349
0.21430
0.19466
0.33829
0.02845
0.10235
0.07732
0.02343
M-,
P
0.01342
0.05194
0.04070
0.10138
0.09288
0.05562
0.13012
0.12261
0.10082
0.05889
0.08026
0.10211
0
0
0
0
M... Mmin
P P
0.54117 0.28689
Mcurb
Pa
0.00322
0.01405
0.03372
0.05254
deg.
26.5
Tables 13 and 14 give combined live and dead load moments for
two cases of loading. First, with rear wheels alone on the slab at
points 8 and 9, the maximum combined moment is at point 8, and has
a magnitude of 20 130 ft. lb. per ft. Second, with rear wheels at points
11 and 12 and front wheels at points 5 and 6, the combined moment
has a maximum of 21 820 ft. lb. per ft. at point 12. The direction of
this maximum moment is only 6 degrees away from a line normal to
the abutments. The trajectories of maximum moment have been
sketched in Fig. 24 for this case of loading. It may be noted that the
wheel and axle spacing used here differ somewhat from those required
by the A.A.S.H.O. specifications.
Deflection
Nw
PX
2
0.08249
0.15740
0.11177
0.19919
0.25376
0.20842
0.16152
0.37841
0.46850
0.33636
0.37192
0.62228
0
0
0
0
M.
P
0.00729
0.02179
-0.01699
0.07629
0.03731
-0.01904
0.11889
0.15651
0.15074
0.09128
0.38975
0.48977
-0.02845
-0.10235
-0.07732
-0.02343
---- --------
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TABLE 11
SLAB WITH CURBS ANALYZED FOR LOADS AT POINTS 8 AND 9
'oad o? s/lab =4P.
for cssumed cturb.
Deflections and moment coefficients for loads P at points shown
Deflection
Nw
PX2
0.16793
0.31372
0.20126
0.38387
0.41601
0.29820
0.29635
0.53998
0.57011
0.33201
0.32254
0.52437
0
0
0
0
M
P
0.02126
0.07261
0.00427
0.15136
0.12078
0.06236
0.20048
0.38409
0.37131
0.15845
0.12925
0.18707
-0.02667
-0.07755
-0.02706
0.00758
M,
P
0
0
0.08611
0
0.16812
0.18563
0
0.28177
0.33176
0.12195
0.14174
0.23117
0.02667
0.07755
0.02706
-0.00758
0.01916
0.07461
0.05670
0.13710
0.11748
0.05830
0.12247
0.12201
0.12357
0.08568
0.07618
0.15562
0
0
0
0
m.
P
0.03254
0.11929
0.11511
0.23228
0.26429
0.20883
0.25850
0.46523
0.47644
0.22780
0.21194
0.37129
0.02667
0.07755
0.02706
0.00758
P
-0.01128
-0.04667
-0.02473
-0.08092
+0.02461
+0.03915
-0.05802
+0.20063
+0.22616
+0.05260
+0.05906
+0.05695
-0.02667
-0.07755
-0.02706
-0.00758
Mcurb
Pa
0.00939
0.03209
0.06689
0.08860
0
deg.
30.5
32
63
30.5
50.5
68.5
25.5
33.5
40.5
39
47.5
49
0
0
0
0
12. Correction of Moments for Actual Diameter of Wheel Loads.-
It is recognized that there is little basis for judging the actual con-
centration of load when an analysis is made by letting p=P/A2 at
the loaded points and p =0 at the remaining points of the network.
To determine the effective concentration of a central load, five
analyses were made by difference equations for comparison with the
results obtained by other means. Because the other results were based
on Poisson's ratio of 0.15, this value was also used in these calculations
with difference equations.
For the first case a square slab was analyzed using a square net-
work of 36 equal squares. Two opposite edges were left free and two
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TABLE 12
SLAB WITH CURBS ANALYZED FOR LOADS AT POINTS 5 AND 6
/o00d on s/lb=4P.
/ for assumed curb
nd0 s/ab.
Deflections and moment coefficients for loads P at points shown
Deflection
Nw
PX2
0.21733
0.39566
0.25363
0.44979
0.47054
0.30927
0.28393
0.37551
0.33869
0.17568
0.18527
0.27691
0 .
0
0
0
M.
P
0.03745
0.11923
0.05904
0.21119
0.34833
0.30944
0.11334
0.12092
0.11645
0.07699
0.01376
0.05776
-0.00767
0.10687
-0.04451
-0.02904
M,
P
0
0
0.11895
0
0.24440
0.20397
0
0.14745
0.14444
0.02756
0.09266
0.09952
0.00767
-0.10687
0.04451
0.02904
M.-
P
0.02515
0.08799
0.06609
0.09369
0.09009
0.07262
0.07461
0.08349
0.11243
0.07866
0.06124
0.10770
0
0
0
0
Pa
0.01655
0.05269
0.09333
0.05009
were simply supported. Only the central point of the network was
loaded. At that point the moment in the direction of the span, as
found by difference equations, is
M, = 0.3660P. (113)
This moment may be considered to be made up of two parts, M.o
and M,', where
(114)
2.32 + 8-
a
Point
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
---- -~-----
~-------
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TABLE 13
SLAB WITH CURBS ANALYZED FOR DEAD LOAD AND LOADS AT POINTS 8 AND 9
Logo/. 2/ /,l. per sq. ft.
',7d. 558' /l. per ft
o'ds : P--2/500/b.
/oadA/n';, w/'f impa'c.)
T-/3
Moments due to combined dead and live loads
Poin M. M, M., Mma Mmin Mcurb
ft. lb. per ft. ft. lb. per ft. ft. lb. per ft. ft. lb. per ft. ft. lb. per ft. ft. lb.
1 4 170 0 1020 4 410 - 240 35 940
2 8 220 0 4180 9 970 -1750 70 810
3 4 680 3 290 3240 7 300 670
4 10 930 0 7470 14 720 -3790 94 220
5 9 120 6 800 6500 14 560 1360
6 5 660 6 770 3680 9 940 2490
7 9 790 0 8240 14 480 -4690 84 380
8 14 400 10 200 7540 20 130 4470
9 13 880 12 160 6660 19 740 6310
10 7 260 6 220 4290 11 060 2420
11 5 800 7 320 4870 11 480 1640
12 9 570 10 550 7340 17 420 2700
13 760 -760 0 760 -760
14 -670 +670 0 670 -670
15 -190 +190 0 190 -190
16 - 60 + 60 0 60 - 60
is the moment produced by the load P on a circular area of diameter c
at the center of a very long slab of span a, and M,' is a correction to
be added to M,, in order to account for the actual boundary con-
ditions on the cut ends of the slab. Equation (114) is Westergaard's*
approximate formula. The correction, Mx', may be found from Bul-
letin 315,t Tables 13 and 14 to be
M,' = (0.108 - 0.049) P = 0.059P.
*H. M. Westergaard, "Computation of Stresses in Bridge Slabs Due to Wheel Loads,"
Public Roads, Vol. 11, No. 1, 1930, p. 10, Equation (66).
tUniv. of Ill. Eng. Exp. Sta., Bul. 315, "Moments in Simple Span Bridge Slabs with
Stiffened Edges," Vernon P. Jensen, 1939, see pp. 97 and 98.
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TABLE 14
SLAB WITH CURBS ANALYZED FOR DEAD LOAD, FRONT WHEEL LOADS AT POINTS
5 AND 6, AND REAR WHEEL LOADS AT POINTS 11 AND 12
7 Load: //12b. per sq.f
ad.. 584 6l. per fz.
'e/l Load: -' R= 5380/b.
Ze/ Lo•d: =Z/O2500/b.
load/l'g," wifh imnp'c:)
Moments due to combined dead and live loads
Point
M.
ft. lb.
per ft.
4 070
7 770
4 540
10 460
9 200
5 570
8 650
10 160
9 760
6 230
11 470
16 390
680
- 630
-1 510
- 880
M,
ft. lb.
per ft.
0
0
3 370
0
6 720
7 160
0
8 220
11 040
8 350
8 950
13 390
-680
630
1 510
880
MA,
ft. lb.
per ft.
1030
4170
3250
7210
6460
4010
8810
8000
6780
4140
5280
6770
0
0
0
0
Mma-
ft. lb.
per ft.
4 320
9 580
7 260
14 130
14 540
10 450
14 140
17 250
17 210
11 560
15 640
21 820
680
630
1 510
880
ft. lb.
per ft.
- 250
-1810
650
-3670
1380
2280
-5490
1130
3590
3020
4780
7960
- 680
- 630
-1510
- 880
Mcurb
ft. lb.
35 090
68 780
90 110
74 520
deg.
13.5
23.5
40
27
39.5
50.5
32
41.5
48
52
38
39
0
0
0
0
Therefore, from (113)
M, = 0.366P = + 0.059P,
2.32 82.32 ± 8-
from which it is found that
or, since X = a/6,
c
- = 0.117
a
c = 0.70X.
Moments due to combined dead and live loads
Thrfre 
rm 
13
ANALYSES OF SKEW SLABS
Dead Load. H- 20 Live Loa' P/Us /mpacf:
U/iform Load= 2//b./ft P, = 2/ 500 /l.
C/rib Load = 584/b./f = 5380 /b.
FIG. 24. TRAJECTORIES OF PRINCIPAL MOMENTS
---- -a
* A 6/
.JZZ_~Zp
SFree Edge- "
Afx=O.366P c=0.70A ==.2/6P c=0.73A Mx=0.254P c=0.74A
(1)-2 Edges Supported (L)-4 Edges Supporfed (Z)-4 Edges Supported
/,=0.302P c=066A M, =A026P c=.?70Ai
(5)-4 Edges Supporfed (iY)-4 Edges Supported
FIG. 25. SQUARE SLABS INVESTIGATED FOR DISTRIBUTION OF LOAD
a6
r
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This means that a more accurate concept of the distribution of load
in this case is one in which the load is uniformly distributed over a
circular area having a diameter of about /{lo of the distance between
adjacent points of the network.
The second, third, and fourth slabs to be similarly examined for
distribution of load were all square slabs simply supported on 4 edges
and loaded only at their central points, as shown in Fig. 25. The
networks were all square of 16, 36, and 100 squares, respectively,
so that X took values of a/4, a/6, and a/10. For the type of slab
considered
Mý = M0o - 0.049P.
The values of M, were found to be 0.216P, 0.254P, and 0.302P,
respectively, giving values of c in Equation (114) of
c = 0.73X
c = 0.74X
c = 0.66X.
Finally, a square slab simply supported on all edges and loaded
at the center was analyzed using the 45-degree network of squares
shown in Fig. 25. Here the results were
X = - a; M = 0.226P; c = 0.70X.
6
Since the networks used in the analyses of skew slabs were all
rather coarse, it was concluded that a reasonable assumption for the
diameter of the loaded area would be
c = 0.70X.
With this as a basis for judging the diameter of the loaded area when
computing moments directly under a load, it is possible to make a
correction to account for the difference between the moment due to
a load on a circle of diameter 0.70X and on a circle 1.25 ft. in diameter,
the latter being prescribed in the A.A.S.H.O. specifications. This is
accomplished by increasing the moment under the load by an amount
P P
Moor = - (115)
1.25 ft.
2.32 + 8 2.32 + 5.6 -
a a
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This simply means that the concentration of the load is increased
by reducing the diameter of the loaded area from 0.70X to 1.25 ft.
At any point the effects of loads remote from that point will be
practically unchanged by the increased concentration of the loads.
The slight difference in angle between the normal to the supports
and the direction of the maximum moment does not alter the cor-
rection given by (115). In fact the correction (115) should be applied
to the moment in every direction at the point of loading.
If the correction indicated by (115) is made to the moment of
21 820 ft. lb. per ft. which is indicated at point 12 in Table 14, it
is found that
21 500 lb. 21 500 lb.
Mor =-
10 5.6 / 2
2.32 +-- 2.32 +
19.5 5
= 7600 - 5510 = 2090 ft. lb. per ft.
This correction is about 9.6 per cent of the previously computed
moment, giving finally
Mmax = 23 910 ft. lb. per ft.
IV. INFLUENCE SURFACES
13. Derivation of Newmark's Method of Determining Influence Sur-
faces by Difference Equations.-In determining the effect of truck
wheel loads on a bridge slab it is convenient to use an influence sur-
face for an effect at a particular point due to a unit load at any point
on the slab. The ordinates which measure the effect, when plotted
at the points of application of the unit load, form the influence
surface. This surface may itself be regarded as the deflection of
the slab to some scale due to an imposed system of fixed loads.
N. M. Newmark has indicated how the system of fixed loads may
be determined very simply by difference equations. His proof of
the method* is essentially as follows:
Let
Qa = Effect at point a
Qa0P o= = Effect at point a due to P = 1 at point 0.
*"Note on Calculation of Influence Surfaces in Plates by Use of Difference Equations,"
N. M. Newmark, Journal of Applied Mechanics, Vol. 8, No. 2, June 1941, p. A-92.
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For example,
WPo=1 = Deflection at point a due to P = 1 at point 0.
(Mx)aPo= 1 = Moment, Mx, at point a due to P = 1 at point 0.
For any given loading the difference equation by which any effect is
computed has the linear form
Qa = Awa + BWb + Cw, + + Mw, (116)
where A, B, C, -* , M are constants. In particular, when the de-
flections are due to a unit load at point O,
QaPo= 1 = AWap = 1 + BWbP o= 1 + + Mw,.P o = . (117)
An example of (116) is the equation for the bending moment in the
curb at point a,
EJli
(Mcurb)a = (2Wa - Ww - wE),X2
where points W and E are adjacent to and on either side of a and
where X is the distance between successive points.
Now, by Maxwell's theorem of reciprocal deflections,
WaPo - = WOP. 1, Wbo=1 = WoPb= l,  (118)
etc. Therefore, Equation (117) may be written as
QaPo ' = AwoP =- + BwoPb=l  CwoP= + .. + MwoP .• 1. (119)
Furthermore, since deflections are proportional to loads,
Awo p.- = WO P'= A,  BwoPb~ = WoP- B ,  (120)
etc. Substitution into Equation (119) then gives
Q Po0l = WOPA + WOPB + * O + WOP'=M (121)
= wo due to loads Pa = A, Pb = B, . , P. = M.i
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This equation states that any effect at a due to a unit load at 0
may be found as the deflection at 0 due to a system of loads A,
B, * , M, applied at points a, b, - - - , m, respectively, where A,
B, .. , M are the coefficients of Wa, Wb, " " , W,, respectively, in
the linear Equation (116) for the desired effect at a.
It may be observed that the system of loads A, B, .. , M for
a given effect remains fixed when 0 is moved from point to point
on the slab. Thus, the fixed system of loads produces a deflection
of the slab in the form of the influence surface for the particular
effect at a given point a.
In the example mentioned previously the influence surface for
the bending moment in the curb at point a,
Ei1 ,
(Mcurb)a - (2Wa - Ww - WE),X2
may be found as the deflection of the slab due to the loads
2E 111  E1iPa = , PE = PW= -
X2 X2
Newmark's method may then be summarized as follows:
Where an effect Q. at any point a in a slab is a linear relation of the
deflections, as in the equation,
Qa = Awa + BWb + Mwm,
an influence surface for Qa may be obtained as the deflection of the slab
due to a system of loads A, B, • • • , M, applied at the points a, b, • • • , m,
respectively.
14. Influence Surfaces for Moments in Skew Slab-Bridges With
Curbs.-The method derived in the preceding section was applied to
the slab-bridge of 45-degree skew in determining the influence sur-
faces shown in Figs. 26 to 29, inclusive. Two stiffnesses of curb were
investigated in order to make a better comparison of the resulting
moments with those obtained for a right bridge of identical span. The
ordinates to the influence surfaces are given in Table 15.
Consider first the influence surface for moments in the curb at
point 4. Contour lines on the surface are shown in Fig. 26 for two
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TABLE 15
ORDINATES TO INFLUENCE SURFACES FOR MOMENTS
Influence Ordinate
Mcurb Pt. 4
J= 1.5
0.0291a
0.0684a
0.0346a
0.1343a
0.0667a
0.0245a
0.0527a
0.0396a
0.0219a
0.0074a
0.0132a
0.0118a
0.0065a
0.0022a.
0.0040a
0.0035a
0.0019a
0.0005a
0.0012a
0.0010a
0.0005a
0. 0003a
0.0003a
0.0001a
Mcurb Pt. 4
J= 3.0
0.0481a
0.1064a
0.0520a
0.1891a
0.0951a
0.0351a
0.0815a
0.0594a
0.0325a
0.0111a
0.0200a
0.0178a
0.0097a
0.0033a
0.0060a
0.0053a
0.0027a
0.0005a
0.0017a
0.0014a
0.0006a
0.0005a
0.0004a
0.0002a
M 1 Pt. 12
J= 1.5
0.0206
0.0394
0.0275
0.0502
0.0622
0.0473
0.0416
0.0970
0.1166
0.0474
0.0950
0.2600
0.357'
0.1155
0.0457
0.0942
0.0942
0.0569
0.0214
0.0386
0.0383
0.0262
0.0158
0.0203
0.0105
M2 Pt. 12
J= 1.5
-0.0169
-0.0298
-0.0133
-0.0334
-0.0156
+0.0085
-0.0226
-0.0006
+0.0584
+0.0405
+0.0440
f +0.1976
+0.295*
+0.0599
+0.0104
+0.0451
+0.0045
-0.0089
-0.0118
-0.0077
-0.0142
-0.0175
-0.0085
-0.0153
-0.0085
MI Pt. 12
J = 3.0
0.0164
0.0307
0.0233
0.0379
0.0550
0.0443
0.0304
0.0900
0.1126
0.0456
0.0922
0.2571
0.354*
0.1131
0.0440
0.0927
0.0916
0.0530
0.0156
0.0369
0.0344
0.0197
0.0136
0.0157
0.0083
*Corrected for wheel load on 1.25 ft. dia. circle on slab of 19.5 ft. normal span.
stiffnesses of curb. To obtain the ordinates to the surface as deflec-
tions of the slab, it is first noted that the equation for moment in the
curb at point 4 is
E1I1
(Mcurb)4 = -- (2W4 - W2 - W7 ).X2
Point
1
2
3
4
5
6
7
8
9
10
11
12
12'
11'
10'
9'
8'
7'
6'
5'
4'
3'
2'
1'
MI Pt. 9
J= 1.5
0.0316
0.0596
0.0456
0.0718
0.1017
0.0967
0.0500
0.1202
0.2620
0.359*
0.0948
0.0488
0.1165
0.0944
0.0382
0.0458
0.0564
0.0365
0.0126
0.0219
0.0226
0.0148
0.0090
0.0112
0.0057
r
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The required loads on the curb are therefore
2E 111  Eil EJl1P4 = P2 = - , and P 7 = -X2 X2  X2
The deflections due to these loads will be the required influence ordi-
nates. Since the loading is unsymmetrical it is convenient to break
it into symmetrical and anti-symmetrical parts which may be added
to give the required result. Expressed graphically, that is:
. P, / 5 /
S/mmefrica/ Anfti-s/meAr/cia/ U/ns'mfnemfr/ca/
To obtain deflections due to the symmetrical loading requires
nothing new in the application of Equations (85) to (93). It may be
noted, however, that the loads are now at the edges of the slab, and
their magnitudes are readily inserted into the equations by letting
p=0 and q= total load in the proper equations. The deflections
due to the anti-symmetrical loads are obtained from a second system
of equations set up by noting that the points identified by the primed
numbers in the heading of Table 15 have deflections opposite to those
of the corresponding points having unprimed numbers. The sum of
the two deflections at any point gives the required deflection or in-
fluence ordinate at that point.
From the contours of an influence surface it is possible to deter-
mine the positions of truck loadings which will produce maximum
moment at a given point. After the influence surface has been deter-
mined, the spacing of the truck wheel loads becomes independent of
the network. The maximum moment in the curb at point 4 was
obtained for truck loads by giving the loads successive positions
across the bridge, and plotting the sums of the influence ordinates
after making allowance for the difference in magnitude of front and
rear wheel loads. A truck in each lane may be handled separately. It
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was found for J = 1.5, P 1 = 21 500 lb., and P2 = 5 380 lb., that the
greatest live load moment in the curb at point 4 is 74 900 ft. lb. for
the loads in the positions shown in Fig. 26a. By summing ordinates
over the entire slab, the dead load effects found previously were
checked. The total resulting moment due to live and dead load is
Mcurb= 140 600 ft. lb.
Comparison of this result with the previously found maximum moment
of 105 300 ft. lb., obtained with loads at interior net points only,
shows that the previous placing of loads was unsatisfactory for the
determination of the maximum live load effect in the curb.
Similar calculations were made to obtain the influence surface for
moment in the curb at point 4 for J=3, that is, for a curb twice as
stiff as the previous one. Contours for the resulting surface are shown
in Fig. 26b. The load positions indicated on the figure gave a maxi-
mum live load moment of 105 200 ft. lb. The variation in moment in
the curb with stiffness of curb is compared in Section 17 with a similar
variation in the right bridge of identical span measured normal to
the supports.
Figure 27 shows contours of influence surface for moments M1 and
M2 in the slab at point 12 for J=1.5 where the axes 1 and 2 are
normal, and parallel respectively to the simple supports. These axes
were chosen from the previous studies as being approximately in the
directions of the principal moments at point 12 for design loading. To
determine the loading which gives the influence surface as the deflec-
tion of the slab, it may be noted that
M, + M,M1 = + M,,2
and
M2 M + MyM
2
for the given orientation of axes. From Equations (94), with p =0.2,
M 1 and M 2 then become
N
M1 = N [2.4wo - 0.6 (WN + ws + ww + wE)
+ 0.2 (WNW + wSE) - 0.2 (wsw + WNE)]
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N
M2 =- [2.4wo - 0.6 (wv + ws + ww + WE)
X2
- 0.2 (w.• + wSE) + 0.2 (wsw + wNE)].
At point 12, therefore,
N
(M) 12 = [1.8w 12 + 0.2ws - 0.4w9 - 0.8wlo - 0.6wnj
N
(M 2) 12 = - [1.8w 12 - 0.2ws - 0.8W9 - 0.4w1o - 0.6wn1 ].
For the determination of the influence surface for M 1 at point 12
the loads required are
N N N
P 12 = 1.8 ; Ps = 0.2-; P 9 = -0.4- ;X2 X2 X2
N N
P 1o = -0.8-- ; and P 1 = -0.6-X2 X2
As before these were separated into symmetrical and anti-symmetrical
sets of loadings, a solution being obtained for each set.
The final results and the positions of truck loadings to give maxi-
mum moments are shown in Fig. 27a. The influence surface similarly
obtained for M 2 is shown in Fig. 27b. The influence ordinate at point
12 for MJ at the same point is subject to the same error as discussed
previously due to an effective distribution of load over a circle of
diameter c= 0.70X. It may be corrected in the same manner by adding
an increment
1 1
Mcor = -
c X
2.32 + 8- 2.32 + 5.6-
a a
For the given dimensions and network
1 1
Moor = - - = 0.353 - 0.256 = 0.097.
10 5.6 - 2
2.32+- 2.32+--
19.5 5
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The corrected ordinate then becomes
(Mi) 12 l 2-1 = 0.260 + 0.097 = 0.357.
The live load moment due to two trucks then becomes 14 470 ft. lb.
per ft., which, together with the dead load moment of 9570 ft. Ib. per
ft. gives a design moment of 24 040 ft. lb. per ft. of slab. This is
almost identical with the corrected value given on page 79 for loads
on the points of the network.
The influence surface for M2 at point 12 is represented in Fig. 27b.
The ordinate at point 12, subject to the same correction noted above,
becomes
(M 2 )12Piý = = 0.198 + 0.097 = 0.295.
The maximum live load moment due to two trucks in the position
indicated in the figure, then becomes 9550 ft. lb. per ft. of slab. This,
plus the dead load moment of 1580 ft. lb. per ft. gives 11 130 ft. lb.
per ft. of slab, or approximately 46 per cent of the moment in the
direction of the span.
To investigate the change in the moment at point 12 with stiffness
of curb, the influence surface represented in Fig. 28 was found for
J=3. The maximum live load moment due to two trucks is in this
case 14 390 ft. lb. per ft. and the dead load moment is 8860 ft. lb. per
ft., giving a total of 23 250 ft. lb. per ft. of slab. The reduction in
moment in the slab due to doubling the stiffness of the curb is seen
to be slight in this instance, the magnitude of the reduction being
about 3.5 per cent.
Finally, to determine whether a greater maximum moment than
found hitherto was possible at point 9, the influence surface for M1
at point 9 was determined for J=1.5. The contours of this surface
are shown in Fig. 29. The maximum live load moment was found 'to
be 14 390 ft. lb. per ft. with the trucks in the position shown in the
figure. With the dead load moment of 9470 ft. lb. per ft., the total
moment becomes 23 860 ft. lb. per ft., less than 1 per cent below the
maximum moment found at point 12.
V. DISCUSsION
15. Total Moments and Reactions From Statics.-For slabs simply
supported on two opposite parallel supports, as illustrated in Section
10, the total bending moments on sections taken parallel to the sup-
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ports may be determined from statics alone. Such moments were com-
puted for various sections of the slabs analyzed in Tables 5, 6, and 7.
The results are shown in Fig. 30 where comparisons are made with
the corresponding moments obtained from the analyses by difference
equations. In each instance the total distributed moment checks the
requirement of statics within a small fraction of one per cent. The
distributed moments normal to the cut sections were summed by
Simpson's one-third rule after being computed in the usual way from
the relation
M, + My M, - MyM = -+ cos 20 + M, sin 20 (122)2 2
where the n axis makes an angle 0 with the x axis.
For the slab of 45-degree skew shown in Table 7 the position of
the resultant reaction on one support was determined by taking mo-
ments about a line through points 16, 18, and 16. The distributed
moments on the cut section were summed and then added to the
moments from the distributed loads. To balance this moment the
resultant of the reaction was found to have a position on the sup-
ported edge approximately at the quarter-point near to the blunt
corner. The exact position is shown in Fig. 31. The same location of
the resultant was obtained when moments were taken about a line
through points 11-15.
The concentration of reaction near the blunt corner is consistent
with the twisting effect of the skewed supports.
The agreement between the total distributed moments and the
requirements of statics would seem to verify the analyses of these
slabs, at least to the extent that consistent equations have been used.
Some calculations of distributed reactions have been made. These
are incomplete due to the uncertainty of the actual state of moments
at the corners of the slab. However, the indications are that there is
no concentrated reaction at the sharp corner of the slab of 45-degree
skew under uniform loading when the slab has the proportions given
in Table 7. This belief results from a consideration of the equilibrium
of a triangular portion of the slab obtained by passing a section
through points 4, 5, 6, and 19 or through points 7, 5, and 20. On the
other hand, there may be a concentration of reaction at the blunt
corner. There may also be a singularity in the state of moments at the
blunt corner. However, even if bending moments could be computed
at the corner, their practical significance would be in considerable
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doubt because the assumed boundary conditions in the neighborhood
of the corner could not be fulfilled in practice. Consequently, the
lack of complete information at the corners, and the possibility of
some inconsistencies at the blunt corner are not regarded as serious
handicaps to an understanding of the general behavior of the slab.
16. Calculated Effectiveness of Reinforcement for Various Angles
Between Main and Transverse Steel.-It is recalled that the direction
of principal moment in the central region of a slab-bridge was found
to be nearly normal to the supports for various loadings and for skews
as great as 45 degrees. This fact makes it desirable to examine the
practice which is frequently followed of placing the main bottom steel
parallel to the curbs and the other layer of bottom steel parallel to
the supports. When a layer of steel is placed at an angle with the
direction of the moment which it is intended to resist, it is customary
to restore its effectiveness in the direction of the moment by increasing
its area according to the square of the secant of the angle of inclina-
tion. It will be shown here that this practice leaves the slab weak on
sections which bisect the acute angle between the bands of steel.
Consider a slab having a layer of steel of percentage pi in the x
direction and a second layer of steel of percentage p2 in a direction
which makes an angle a with the x-axis as shown in Fig. 32a. To
determine the effective percentage p at any angle 0 with the x-axis,
it is noted first that the effectiveness of a single layer of steel varies
as the square of the cosine of the angle between the direction of the
steel and the direction in which the effectiveness is required. This
results from the increased distance between the bars and the de-
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FIG. 32
creased components of the allowable tension in the bars as shown
in Fig. 32b. Therefore, for the two layers of steel,
p = pi cos 2 0 + p2 os2 (0 + a)
pi + P2 Pi P2
- + - cos 20 + - cos 2(0 + a)
2 2 2 (123)
P1 + P2 cos 2a
2
P2 sin 2a
cos 20
2
Furthermore, the rate of change of p with respect to 0 is
dp
= - (pl + ps cos 2a) sin 20 - (p2 sin 2a) cos 20dO
dp
and therefore - = 0 when
dO
p2 sin 2a
tan 20 = sin
pi + P2 cos 2a
Therefore
P1 + P2 pi - p2 2
Pmax = + ( + Pl2 COS2 a .
mmin 2 2
(124)
(125)
To determine the variation of the effective percentage p with 0
for a particular slab, consider the slab bridge with 45-degree skew
which has been analyzed in previous sections. Suppose the bottom
steel is placed parallel to the supports and curbs as shown in Fig. 33.
The design moment in the direction of the span (normal to the sup-
pl + p2P + P
2
sin 20.
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ports) requires a percentage of steel po, but, since the steel is inclined
at 45 degrees with the moment, its percentage is made
pi = po sec 2 450 = 2po.
The moment in the direction of axis 2 was found to be 46 per cent
of the design moment so that
P2 = 0. 4 6 po.
With these percentages of steel, the maximum and minimum
effective percentages are, from (125),
p.ma = 2 .2 6 po
pmai = 0. 2 0po.
This means that, in spite of the fact that the main steel has been
doubled in area over the requirements in the direction of the normal
span, there is some direction in which the effectiveness of the steel
is less than half as great as the effectiveness provided in the direc-
tion of the minimum moment. Furthermore, in that direction of
minimum effectiveness of steel the bending moment has a value
between its maximum and minimum values. In this illustration the
angle 0 for minimum effectiveness of steel is defined by the equation
P2 sin 2a P2
tan 20 = =-0.23,
pl + pt cos 2a pi
so that
0 = 830 31'.
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The corresponding moment is
M1 + M2 M1 - M2
M = - cos 20
2 2
where € = 0 - (7r/4), so that, with M 2 = 0.46M 1,
M = 0.73M1 - 0.27M 1(0.224) = 0.67M 1.
Since the percentage po exactly provides for the moment M 1, the
minimum effective percentage 0. 2 0po is all that is available to pro-
vide for a moment of 0.67M1.
To say, as a result of the preceding analysis, that stresses in the
steel will be more than three times too high would be definitely mis-
leading. For, if this were true, the moments in some directions would
have to be many times those indicated by the analysis. In fact, it is
very doubtful that the inclined steel, increased in percentage, is in a
position to develop high stresses before the concrete has suffered con-
siderable damage and a redistribution of moments takes place. Many
anomalies could be mentioned in connection with steel inclined to the
directions of principal moments. After all, the replacement of tension
in the concrete by tension in the steel is an ideal which is at times
incapable of accomplishment. What is pointed out here is that a
serious deficiency in theoretical steel does exist in certain directions
when steel bands do not cross at or near right angles, even though the
percentage of inclined steel is increased by the square of the secant
of the angle of inclination.
A graphical representation of the variation of effective percentage
p with the angle of inclination 0 is shown in Fig. 34 for three arrange-
ments of steel. The radial ordinate from O to any curve indicates the
effective percentage of steel in the direction of the ordinate for the
arrangement of steel which applies to that curve. Curve A, for the
steel at right angles, has the same form as that which represents the
variation in moment when M 2 =0.5 M1 . This is practically the same
ratio as has just been discussed. The interpretation of the diagram,
on the basis of effective precentage of steel, is that a deficiency exists
in any direction in which the radial ordinate for the actual arrange-
ment of steel falls inside of curve A.
17. Comparisons of Moments Calculated for Skew and Right
Bridges.-With the aid of influence surfaces, maximum moments in a
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FIG. 34. VARIATION IN EFFECTIVE PERCENTAGE FOR VARIOUS
ARRANGEMENTS OF STEEL
skew slab-bridge were determined in Section 14 for two stiffnesses of
curb. The bridge considered is shown in Fig. 22. The manner of
variation of the live and dead load moments in the curb and slab is
shown in Figs. 35 and 36 in comparison with corresponding variations
of moment in a right bridge. The right bridge chosen for comparison
was considered to have a 26-ft. roadway (27 ft.-6 in. c. to c. curbs)
and a span of 19 ft.-6 in., the same as the normal span of the skew
slab.
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The stiffness of the curb relative to the slab in the skew bridge is
defined here as
EJI
H =
aN
where a is the span normal to the supports. This gives a relation
between H and J. For the square network
X
H =-J.
a
Corresponding to the values J = 1.5 and J = 3 in the analyses by
difference equations, one has, with X/a = V/2/5 , H = 0.424 and
H = 0.848, respectively. The curves of moments for the right bridge
were obtained from numerical values computed for H = 0.2, 0.5,
and 1.0, using the tabular data given in Bulletin 315.
Figure 35 shows curves of moment in the curb of the right bridge
for dead load only, live load only, and dead plus live load. The plotted
points show the corresponding values of moment computed for the
bridge having a 45-degree skew. In general the trend of variation of
moments with stiffness of curb is similar for the skew and right bridge.
The dead load moments in the curb of the skew bridge are from 13 to
26 per cent higher than the corresponding moments in the right bridge.
The live load moments are from 2 to 6 per cent higher, and the total
moments are from 6 to 14 per cent higher in the curb of the skew
bridge. In each-instance the smaller percentage applies to the lower
value of curb stiffness for which analysis was made.
Figure 36 shows similar comparisons for maximum dead load, live
load, and total moment in the slab. It is seen that the dead load
moments are from 13 to 18 per cent higher, the live load moments
from 7 to 3 per cent lower, and the total moments from 0 to 3 per
cent higher in the skew bridge than in the right bridge. The first per-
centage given in each instance applies to the slab having the lower
stiffness of curb.
It is apparent from the foregoing comparison that a satisfactory
design of the slab of 45-degree skew would have resulted if the mo-
ment in the slab had been estimated from an analysis of a right bridge
having the same span as the normal span of the skew bridge, and the
same detail of curb. The estimated moment in the skew slab would
have been practically identical with that found from an analysis of
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the skew bridge. In the curb the moment estimated from the right
bridge would have been about 6 per cent too low, a deficiency which is
small enough to justify using the approximate method.
18. Summary and Discussion.-In this bulletin skew slabs are
studied, particular attention being directed to the requirements for
the analysis of the simple span slab-bridge with curbs. Difference
equations are developed for a general system of skew coordinates
/ I I
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permitting this type of bridge to be analyzed for any angle of skew
and ratio of sides and for any stiffness of curb. It is hoped that a
sufficient number of analyses may be made as indicated herein in
order that a sounder theoretical basis can be established for simplified
rules for the design of skew slab-bridges.
From the limited study that has been made thus far it seems
probable that slab-bridges having ordinary curbs, two or more lanes
of traffic, spans (normal to the abutments) of 20 ft. or less, and skews
of 45 degrees or less may be designed on the basis of moments calcu-
lated from the coefficients given in Bulletin 315 for right bridges of
identical span, width of roadway, and detail of curb. The direction of
maximum moment at the center of such slabs is practically normal
"" ^" "0
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to the supports for design loadings, the slight inclination being toward
the direction of the skew span.
In analyzing a particular bridge for highway truck loadings it was
found expedient to use influence surfaces for moments at critical
sections. For bridges limited as in the previous paragraph, the critical
section for moment in the slab is in the vicinity of the center of the
slab. The critical section for moment in the curb is shifted slightly
from the center of the curb toward the blunt corner of the slab as the
skew is increased. The influence surfaces for moment were obtained
by a method which is due to Newmark. The principle of the method
may be stated as follows:
Where an effect Qa at any point a in a slab is a linear relation of the
deflections, as in the equation
Q. = Aw, + Bwb + + MWm,
an influence surface for Qa may be obtained as the deflection of the slab
due to a system of loads A, B, • . • , M, applied at the points a, b, . • , m,
respectively.
Contours of influence surfaces for moments in curbs and slabs, ob-
tained by applying this principle, are shown in Section 14.
The problem of the proper arrangement of reinforcement is of
course related to the cost and practicability of placing many bars of
different lengths or at varying angles in the same slab. As far as the
directions of maximum moments are concerned it would be desirable,
for skews under 45 degrees and spans (normal to the abutments)
under 20 ft., to have the main steel at the center of the slab inclined
not more than 15 degrees from the line normal to the abutments, the
inclination, if any, being toward the direction of the skew span. Bands
of steel to take the moment in the curbs should be placed parallel with
the curbs within the foregoing limitations. The main steel in the slab
adjacent to the curbs may run into the curb in a direction parallel
with the main steel at the center of the slab, or it may run parallel
with the curb. In the latter case the direction of the main steel may
have to be changed gradually so as to meet the requirements given
previously for the central region of the slab. For the foregoing arrange-
ments of the main steel, the transverse steel may have a direction
parallel with the supports.
Tests of large reinforced concrete skew slabs with curbs are now
TABLE 16
SOLUTION OF SIMULTANEOUS EQUATIONS
Simultaneous Equations
ONUx Us Us U3 U6 Us U7 Us -
10 -4 1 7
-4 10 -1 -4 1 2
-1 10 -4 1 6
-4 10 -1 -4 1 2
-4 -1 10 -1 -4 1 1
-1 10 -4 1 6
-4 -4 10 -1 1 2
-4 -1 I 5 05 0.5
Solution
UI
+10
(-1)
U2
-4
+0.400
+10
-1.600
+8.400
(-1)
U3
-1
-1
+0.1190
+10
-0.1190
+9.8810(-1)
U4
-4
-4
+0.476
-0.476
-0.476
+0.0482
+10
-1.905
-0.0229
+8.072
(-1)
Us
-4
-4
+0.405
-1
-0.1928
-1.1928
+0.1478
+10
-1.619
-0.1762
+8.205
(-1)
U6 U 7
--1
-1
+0.1219
+10
-0.1219
+9.8781
(-1)
-4
-4
+0.496
-0.591
-0.591
+0.0720
-4
-0.0720
-4.0720
+0.412
+10
-1.982
-0.0426
-1.679
+6.296
(-1)
-4
-4
+0.488
-0.488
-0.488
+0.0494
-1
-0.288
-0.201
-1.489
+0.236
+5
-1.950
-0.024
-0.352
+2. 674
(-1)
pb2
9N
+1
-0.100
+1
+0.400
+1.400
-0.1667
+1
+0.1667
+1.1667
-0.1181
+1
+0.667
+0.0562
+1.723
-0.213
+1
+0.472
+0.255
+1.727
-0.210
+1
+0.210
+1.210
-0.1225
+1
+0.854
+0.1244
+0.499
+2.477
-0.393
+0.5
+0.842
+0.0597
+0.586
+1.988
-0.743
+7
-0.700
Line Check
-0.700
+0.572
-0.665
-0.569
-0.528
-0.661
-1.157
-1.743
I'
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TABLE 16 (CONCLUDED)
Ul
-0.1000
-0.1994
(-0.2944)
U 2  Us U4
-0.1667 -0.1181 -0.213
-0.282
-0.2680 -0.098
-0.283 -0.0286 (-0.593)
-0.494 (-0.415)
(-0.499)
Us
-0.210
-0.362
-0.0410
-0.0480
(-0.661)
Us
-0.1225
-0.0367
-0.235
(-0.394)
Ur
-0.393
-0.1758
(-0.569)
Us
-0.743
(-0.743)
in progress. In these tests various arrangements of steel will be tried.
The analytical studies are being extended and are being supplemented
by tests of plaster models.
APPENDIX A
Notes on Solution of Simultaneous Equations.-The solution of a
system of simultaneous linear equations, especially when the number
of equations becomes greater than four or five, can be a laborious
process often requiring in the separate steps of the solution an ac-
curacy which is many times that desired in the final result. On the
other hand, by a suitable arrangement of the work, the required labor
can be materially lessened and the accuracy required in the individual
steps can be made of the same order as that required in the final result.
The method of solution adopted by the author as best suited for the
solution of the equations which arise from the application of difference
equations to slabs has been called the "Doolittle Method" in Special
Publication No. 28* of the United States Coast and Geodetic Survey
where it is described. The method was developed by M. H. Doolittle
as a modification of the Gaussian method of substitution, and was
first presented in the "Coast and Geodetic Survey Report for 1878,"
Appendix 8, pp. 115-118. Because the method does not seem to be
familiar to most engineers, it is described here without proof.
Consider the system of equations (22) given in Section 5 for the
values of U and the second system (24) given for the deflections. It
is to be noted that a form of symmetry exists among the coefficients
*Oscar S. Adams, "Application of the Theory of Least Squares to the Adjustment of
Triangulation," Spec. Pub. No. 28, U. S. Coast and Geodetic Survey, 1915. An abbreviated
method of substitution is also described in "Der abgekiirtzte Gauss'sche Algorithmus als eine
einheitliche Grundlage in der Baustatik," Peter Pasternak, Leemann and Co., Zurich, 1926.
Line
37
38
39
40
41
42
43
44
45
U8
-0.743
(-0.743)
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with respect to the main diagonal provided that the last equation in
each set is divided by 2. This symmetry of coefficients is character-
istic of all of the sets of simultaneous equations which are written for
the solution of problems on slabs. Because of this symmetry a con-
siderable shortening of labor is possible in the solution of the equa-
tions, although even without symmetry a systematic method of substi-
tution is convenient and rapid.
Equations (22) are tabulated in the upper part of Table 16, the
figures in the last column being sums of the coefficients in the rows.
Since the figures to the left of the heavy line are repeated above the
main diagonal terms, they need not actually be recorded. A figure in
the summation column is then obtained by adding the coefficients in a
column as far as the main diagonal term and then continuing the addi-
tion in a horizontal row. The solution of the equations is given in the
remainder of the table.
The first step in the solution is to write in the first line the co-
efficients from the first equation. In the second line these are divided
by the negative of the coefficient of U1 . This, in effect, gives a solution
for U, in terms of the remaining variables and the constant. Each
equation giving a particular U in terms of the remaining ones is
doubly underlined and checked by summing the coefficients horizon-
tally for comparison with the coefficient in the summation column.
The third line gives the coefficients of the second equation to the right
of the heavy zigzag line. To these must be added the values given in
the fourth line which represent - 4U 1 obtained by multiplying the
coefficient of U2 in line 1 by the coefficients in line 2. The results of
the addition are given in line 5. Line 6 gives U2 in terms of the
remaining variables and a constant. Again this line is checked before
proceeding.
The process is continued in the manner described. It is important
to note, however, that the multipliers of the coefficients which take the
place of the dropped terms to the left of the main diagonal always
appear immediately above the doubly underlined equations. These
multipliers are indicated in bold-faced type in the table. Their appear-
ance in these positions is a direct result of the symmetrical form of the
coefficients, and their use in this manner is the essence of the abbrevi-
ated method of solution. The fact that checks may be made as the cal-
culations proceed is a contributing factor to the value of the method.
The further fact that the calculations may be made with slide-rule
accuracy in the individual steps is demonstrated in the table. Line 36
in Table 16 indicates that
pb2
Us = -0.743-- 9N
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It remains to substitute back into the doubly-underlined equa-
tions for the remaining values of U. This may be done systematically
as in lines 37 to 45 inclusive. The numbers in line 37 are taken
from the column of constants in lines 2, 6, 10, 15, etc. The num-
bers in line 38 are products of Us and the coefficients of Us from
the table. Thus
pb2  pb2
U7 = -0.393 + 0.236Us = -0.569 b9N 9N
In the tabulation the coefficient of U7 is given in parentheses and
is next used as a multiplier of coefficients of U, in the table to obtain
the numbers in line 39. The value of U6 is then obtainable. The sub-
stitution continues until all values of U are obtained. The actual
process is shorter than its description.
Most of the calculations contained in Table 16 are now available
and usable for the solution of the second set of equations for the
deflections. All that is needed is to add one more column of constants
to take the place of those headed pb2/9N. The coefficients in the new
column of constants will be the numerical values of U just obtained
except for the effect of dividing the last equation by 2. The solution
leads to the values of deflection given in the text, the final accuracy
being slide-rule accuracy if the individual calculations are made with
a slide-rule.
APPENDIX B
22 w
Derivation of V2w and -- in Terms of Curvatures in Three
axay
Directions.-In this appendix, subscripts on w will indicate differen-
tiation with respect to the variable noted, as, for example
a2w a2w
Wzz= - wuu- , (126)
aX2  Qu2
etc. Then, with coordinate axes and angles defined in Fig. 8,
Wxx + Wyy Wxx -- Wyy
wU, = - - cos 24 - wx~ sin 24 (127)
2 2
Wxx + Wyy Wxx - Wyy
wvv = --- - cos 25 + wx, sin 25. (128)
2 2
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Elimination of wx from these equations gives
sin 2(0 + 6) - sin 26 - sin 24
Wyy = Wxx
sin 2(0 + 8) + sin 26 + sin 20
2 sin 2
+ Wuu
sin 2 (0 + 6) + sin 28 + sin 20
2 sin 20
+-- Wvv.
sin 2(0 + 8) + sin 28 + sin 24
But, fromithe relations given in Fig. 8,
sin 2(0 + 6) = 2- (X,2 - afp)
xu
2
xV2
aX1
sin 28 = 2--
X2
sin 20 = 2
X, 2
and
a + = X
X, 2 = 02 + XI2
X,2 = a 2 + Xy2 .
Therefore
ao aXU2  oX, 2
W VY = ~.. WX + -- W. + -- wvv
X\ 2  XXy 2  X\ Y2
which is Equation (27) of the text. From this equation one obtains
V 2w = Wx + W,,
at once in terms of curvatures in the directions of x, u, and v.
The elimination of wy from (127) and (128) yields, in a similar
manner, the relation
X 2  3 - a X, 2
WXy = -- wUn + -- W + -- Wv. (129)
2XxX, 2Xy 2XX,
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With the abbreviations
a 13
A=--, B-
and with the curvatures expressed in terms of finite differences ac-
cording to the notation given in Fig. 8, Equation (129) becomes
1
wy = [w, + w± t - w, - w, + (B-A) (w-2wo+w,r)]. (130)
2XxX,
APPENDIX C
Derivation of Relation Between Slopes in Three Directions.-In dis-
cussing the slope of a function f in the direction of y in terms of
slopes in the directions of u and v, the relation
(_f = fp-f B fq-ft(af f A +B f,(53)
\y /o 2X, 2X,
was given in the text. The relations between the axes and the posi-
tions of points are shown in Fig. 8. By passing a plane abcd tangent
to f at point 0 as shown in Fig. 37, the following relations are found:
/(f\ fi -f2
\ y /)o 2Xy
fi = f + - (f, - f,) = Af, + Bf,,
fA = f + (-- ft - f,) = Bf + Af.,
wherein
a (3
A= - B= , A+B= 1.
From these, Equation (53) follows immediately.
From Fig. 37 the slope in the direction of x appears either as the
slope along. the line pq or as the slope along the line ts. The best
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FIG. 37
value from difference
so that
equations is the average of these two slopes,
(O\ fq - fp fs - ft
2X, 2X,2X, 2X,
X, f" - ft
X, 2X,
of x af x aOf
ax x, av x~ au
If this relationship is applied at point w in Fig. 15, with w,=W =
wt=O, Equation (64) results at once.
X. fp -f.
X, 2X,
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